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S1-EQUIVARIANT INDEX THEOREMS AND MORSE INEQUALITIES ON COMPLEX
MANIFOLDS WITH BOUNDARY
CHIN-YU HSIAO, RUNG-TZUNG HUANG, XIAOSHAN LI, AND GUOKUAN SHAO
ABSTRACT. Let M be a complex manifold of dimension n with smooth connected bound-
ary X. Assume that M admits a holomorphic S1-action preserving the boundary X and
the S1-action is transversal and CR on X. We show that the ∂-Neumann Laplacian on
M is transversally elliptic and as a consequence, the m-th Fourier component of the q-th
Dolbeault cohomology group Hqm(M) is finite dimensional, for every m ∈ Z and every
q = 0, 1, . . . , n. This enables us to define
∑n
j=0(−1)
jdimHqm(M) the m-th Fourier com-
ponent of the Euler characteristic on M and to study large m-behavior of Hqm(M). In this
paper, we establish an index formula for
∑n
j=0(−1)
jdimHqm(M) and Morse inequalities
for Hqm(M).
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
Let M be a complex manifold of dimension n with smooth connected boundary X.
The study of holomorphic sections on M is an important subject in complex analysis,
complex geometry and is closely related to deformation and embedding problems on
complex manifolds with boundary (see [2], [6], [15] ,[16]). The difficulty comes from
the fact that the associated ∂-Neumann Laplacian on M can be non-hypoelliptic and it
is very difficult to understand the space of holomorphic sections. A clue to the above
phenomenon arises from the following. By ∂
2
= 0, one has the ∂-complex: · · · →
Ω0,q−1(M ) → Ω0,q(M ) → Ω0,q+1(M) → · · · and the q-th Dolbeault cohomology group:
Hq(M) := Ker ∂:Ω
0,q(M )→Ω0,q+1(M )
Im ∂:Ω0,q−1(M )→Ω0,q(M) . As in complex manifolds without boundary case, to
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understand the space H0(M), one could try to establish a Hirzebruch-Riemann-Roch the-
orem for
n∑
j=0
(−1)jdimHj(M), an analogue of the Euler characteristic, and to prove van-
ishing theorems for Hj(M ), j ≥ 1. The first difficulty with such an approach lies in the
fact that dimHj(M) could be infinite for some j.
Another line of thought lies in the fact that the space Hq(M) is related to the ∂-
Neumann Laplacian

(q) = ∂
⋆
∂ + ∂ ∂
⋆
: Dom(q) ⊂ L2(0,q)(M)→ L2(0,q)(M).
One can try to study the kernel of (q) (Bergman kernel) and the associated heat operator
e−t(q) . Unfortunately without any Levi curvature assumption, (q) is not hypoelliptic in
general and it is unclear how to study the kernel of (q) and e−t(q) .
Assume thatM admits a holomorphic compact Lie group action G. The key observation
in this paper is the following: If all the ”non-hypoelliptic directions” of the ∂-Neumann
Laplacian are contained in the space of vector fields on X induced by the Lie algebra of G,
then we can show that (q) is transversally elliptic in the sense of Atiyah and Singer with-
out any Levi curvature assumption. In this case, it is possible to study G-equivariant holo-
morphic sections on M , G-equivariant Bergman and heat kernels on M and to overcome
the difficulty mentioned above. On the other hand, the study of G-equivariant holomor-
phic sections and kernels onM has its own interest and is closely related to G-equivariant
deformation and embedding problems, geometric quantization theory and G-equivariant
index theorems on complex manifolds with boundary. In this paper, we restrict ourselves
to the S1-action case. It should be mentioned that it is possible to study general compact
Lie group action case by using the method developed in this paper.
Suppose that M admits a holomorphic S1-action eiθ preserving the boundary X and
the S1-action is transversal and CR on X. For every m ∈ Z, let Hqm(M ) be the m-th
Fourier component or representation of the q-th Dolbeault cohomology group with re-
spect to the S1-action (see (1.9)). We will show in Section 3 that dimHqm(M) < +∞,
for every m ∈ Z and every q = 0, 1, . . . , n. Then, the exact formula for the Euler
characteristic
∑n
j=0(−1)jdimHqm(M) and Morse inequalities for Hqm(M) are very natu-
ral and fundamental problems. In this paper, we successfully establish exact formula for∑n
j=0(−1)jdimHqm(M) and Morse inequalities for Hqm(M). We believe that our results
will have some applications in complex geometry and geometric quantization theory. It
should be noticed that the index formula for
∑n
j=0(−1)jdimHqm(M) has its own interest.
Even there are many works on G-equivariant index theorems for transversally elliptic op-
erators but on complex manifolds with boundary, there have been fewer results. Up to the
authors’ knowledge, our index formula is the first general result aboutG-equivariant index
theorem for some transversally elliptic operator (∂-Neumann Laplacian) on complex man-
ifolds with boundary. We describe our approach briefly. In Section 4, we introduce a new
operator ∂ˆβ : Ω
0,q(X)→ Ω0,q+1(X), where ∂ˆβ is a classical pseudodifferential operator of
order 1 and we have
(1.1) ∂ˆβ = ∂b+lower order terms,
where ∂b denotes the tangential Cauchy-Riemann operator on X. The new operator ∂ˆβ
commutes with the S1-action and ∂ˆ
2
β = 0 and hence we can define Hˆ
q
β,m(X) the m-th
Fourier component of the q-th cohomology group with respect to ∂ˆβ-complex. In Section 4,
we develop some kind of reduction to the boundary technique and we can show that for
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every q = 0, 1, . . . , n− 1,
(1.2) Hqm(M)
∼= Hˆqβ,m(X), ∀m≫ 1.
From (1.2), (1.1) and the homotopy invariance of the index, we conclude that if m ≫ 1,
then
(1.3)
n−1∑
j=0
(−1)jdimHjm(M) =
n−1∑
j=0
(−1)jdimHjb,m(X),
where Hjb,m(X) denotes the m-th Fourier component of the j-th Kohn-Rossi cohomology
group. It was established in [4] an index formula for
∑n−1
j=0 (−1)jdimHjb,m(X). Combining
the result in [4] and (1.3), we obtain an exact formula for
∑n−1
j=0 (−1)jdimHqm(M) when
m≫ 1. Note that by using Kohn’s estimate, it is easy to see that form≫ 1, dimHnm(M ) =
0. Our index formula tells us that for m ≫ 1, ∑n−1j=0 (−1)jdimHqm(M) is an integration
of some characteristic forms over the boundary X. When m is small, we can expect that∑n
j=0(−1)jdimHqm(M) should involve some integration of some characteristic forms over
the domain M . In Section 7, we generalize the technique developed in [9] to ∂ˆβ case
(pseudodifferential operator case) and by using the identification (1.2), we successfully
establish Morse inequalities for Hqm(M ).
We now formulate our main results. We refer the reader to Section 2 for some standard
notations and terminology used here. LetM be a relatively compact open subset with con-
nected smooth boundaryX of a complex manifoldM ′ of dimension n. Let ρ ∈ C∞(M ′,R)
be a defining function of X, that is,
X = {x ∈M ′; ρ(x) = 0}, M = {x ∈M ′; ρ(x) < 0}
and dρ(x) 6= 0 at every point x ∈ X. Then the manifold X is a CR manifold with a natural
CR structure T 1,0X := T 1,0M ′|X ∩ CTX, where T 1,0M ′ denotes the holomorphic tangent
bundle ofM ′.
Assume that M ′ admits a holomorphic S1-action eiθ, θ ∈ [0, 2π], eiθ : M ′ → M ′, x ∈
M ′ → eiθ ◦ x ∈ M ′. It means that the S1-action preserves the complex structure J of M ′.
In this work, we assume that
Assumption 1.1. The S1-action preserves the boundary X, that is, we can find a defining
function ρ ∈ C∞(M ′,R) of X such that ρ(eiθ ◦ x) = ρ(x), for every x ∈ M ′ and every
θ ∈ [0, 2π].
The S1-action eiθ induces a S1-action eiθ on X. Put
(1.4) Xreg :=
{
x ∈ X; eiθ ◦ x 6= x, ∀θ ∈]0, 2π[
}
.
In this work, we assume that
(1.5) Xreg is non-empty.
Since X is connected, Xreg is an open subset of X and X \Xreg is of measure zero.
Let T ∈ C∞(M ′, TM ′) be the global real vector field induced by eiθ, that is (Tu)(x) =
∂
∂θu(e
iθ ◦ x)|θ=0, for every u ∈ C∞(M ′). In this work, we assume that
Assumption 1.2. CT (x)⊕ T 1,0x X ⊕ T 0,1x X = CTxX, for every x ∈ X.
The Assumption 1.2 implies that the S1-action onM ′ induces a locally free S1-action on
X. Let ρ be the defining function ofM given in the Assumption 1.1. Since X is connected
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and by the Assumption 1.2, 〈J(dρ), T 〉 is always non-zero on X. In this work, we always
assume that
(1.6) 〈J(dρ), T 〉 < 0 on X,
where J is the complex structure tensor onM ′.
Let Ω0,q(M ′) denote the space of smooth (0, q) forms onM ′ and let Ω0,q(M ) denote the
space of restrictions to M of elements in Ω0,q(M ′). For every m ∈ Z, put
(1.7) Ω0,qm (M
′) = {u ∈ Ω0,q(M ′); LTu = imu}
where LTu is the Lie derivative of u along direction T . For convenience, we write Tu :=
LTu. Similarly, let Ω0,qm (M ) denote the space of restrictions toM of elements in Ω0,qm (M ′).
We write C∞(M) := Ω0,0(M ), C∞m (M) := Ω
0,0
m (M). Let ∂ : Ω0,q(M ′) → Ω0,q+1(M ′) be
the part of the exterior differential operator which maps forms of type (0, q) to forms of
type (0, q +1). Fix m ∈ Z. Since the S1-action preserves the complex structure J ofM ′, T
commutes with ∂ and hence
∂ : Ω0,qm (M)→ Ω0,q+1m (M).
We write ∂m to denote the restriction of ∂ on Ω
0,q
m (M ). We have the following ∂m-complex
(1.8) · ·· → Ω0,q−1m (M) ∂m−−→ Ω0,qm (M ) ∂m−−→ Ω0,q+1m (M)→ · · ·
The m-th Fourier component of the q-th Dolbeault cohomology group is given by
(1.9) Hqm(M ) :=
Ker ∂m : Ω
0,q
m (M)→ Ω0,q+1m (M)
Im∂m : Ω
0,q−1
m (M)→ Ω0,qm (M )
.
We will prove in Theorem 3.5 that for every q = 0, 1, . . . , n− 1, and everym ∈ Z, we have
(1.10) dimHqm(M ) < +∞.
We introduce some notations. Let ω0 ∈ C∞(X,T ∗X) be the global one form onX given
by
〈ω0 , T 〉 = −1 on X,
〈ω0 , u 〉 = 0, for all u ∈ T 1,0X ⊕ T 0,1X.
(1.11)
For p ∈ X, the Levi form Lp (with respect to ω0) is the Hermitian quadratic form on T 1,0p X
given by
(1.12) Lp(U, V ) = − 1
2i
〈 dω0(p) , U ∧ V 〉, U, V ∈ T 1,0p X.
For ever j = 0, 1, . . . , n− 1, put
(1.13)
X(j) := {x ∈ X; Lx has exactly j negative eigenvalues and n− 1− j positive eigenvalues} .
The first main result of this work is the following index formula
Theorem 1.3. With the notations and assumptions above, there is a m0 > 0 such that for
every m ∈ Z with m ≥ m0, we have
(1.14)
n−1∑
j=0
(−1)jdimHjm(M ) =
1
2π
∫
X
Tdb (T
1,0X) ∧ e−m dω02π ∧ (−ω0),
where Tdb (T
1,0X) denotes the tangential Todd class of T 1,0X (see Definition 5.3).
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By using Kohn’s estimate, it is easy to see that Hnm(M ) = {0} for m ≫ 1. Hence in the
index formula (1.14), we only need to sum over j = 0, 1, . . . , n − 1. When m is small,
we can expect that the formula
∑n
j=0(−1)jdimHjm(M) should involve some integration
of some characteristic forms over the domain M . Our second main result is the following
weak and strong Morse inequalities.
Theorem 1.4. With the notations and assumptions above, for every q = 0, 1, . . . , n − 1, we
have
(1.15) dimHqm(M ) ≤
mn−1
(n− 1)!(2π)n
∫
X(q)
(−1)n+q(dω0)n−1 ∧ ω0 + o(mn−1), m ∈ N,
and
q∑
j=0
(−1)q−jdimHjm(M)
≤ m
n−1
(n− 1)!(2π)n
q∑
j=0
(−1)q−j
∫
X(j)
(−1)n+j(dω0)n−1 ∧ ω0 + o(mn−1), m ∈ N.
(1.16)
When q = 1, from Theorem 1.4 we have
− dimH0m(M ) + dimH1m(M ) ≤
mn−1
(n − 1)!(2π)n
(
−
∫
X(0)
(−1)n(dω0)n−1 ∧ ω0 +
∫
X(1)
(−1)n+1(dω0)n−1 ∧ ω0
)
+ o(mn−1).
(1.17)
Corollary 1.5. With the notations and assumptions above and we assume thatM is a weakly
pseudoconvex manifold and strongly pseudoconvex at a point. Then dim H0m(M ) ≈ mn−1 as
m→∞. Moreover, dimH0(M ) =∞.
For the definition of weakly pseudoconvex manifold please turn to Definition 2.1. If we
set ∫
X(≤1)
(−1)n(dω0)n−1 ∧ ω0 =
∫
X(0)
(−1)n(dω0)n−1 ∧ ω0 −
∫
X(1)
(−1)n(dω0)n−1 ∧ ω0
and assume that M is not always weakly pseudoconvex but that the integral∫
X(≤1)
(−1)n(dω0)n−1 ∧ ω0 > 0,
then by (1.17) we still get many holomorphic functions onM which are smooth up to the
boundary.
Corollary 1.6. With the same notations and assumptions as in Theorem 1.4 and we assume
that
(1.18)
∫
X(≤1)
(−1)n(dω0)n−1 ∧ ω0 > 0.
Then dimH0m(M ) ≈ mn−1. Moreover, dimH0(M) =∞.
Let E be a S1-invariant holomorphic vector bundle over M ′. As (1.9), we can define
H
q
m(M,E) the m-th Fourier component of the q-th Dolbeault cohomology group with
values in E. We can repeat the proofs of Theorem 1.3 and Theorem 1.4 with minor
changes and deduce
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Theorem 1.7. With the notations and assumptions above, let E be a S1-invariant holomor-
phic vector bundle over M ′ of complex rank r. There is a m0 > 0 such that for every m ∈ Z
with m ≥ m0, we have
(1.19)
n−1∑
j=0
(−1)jdimHjm(M,E) =
1
2π
∫
X
Tdb (T
1,0X) ∧ chb (E) ∧ e−m
dω0
2π ∧ (−ω0),
where chb (E) denotes the tangential Chern character of E (see Definition 5.3).
Theorem 1.8. With the notations and assumptions above, let E be a S1-invariant holomor-
phic vector bundle overM ′ of complex rank r. For every q = 0, 1, . . . , n− 1, we have
(1.20) dimHqm(M,E) ≤ r
mn−1
(n− 1)!(2π)n
∫
X(q)
(−1)n+q(dω0)n−1 ∧ ω0 + o(mn−1), m ∈ N,
and
q∑
j=0
(−1)q−jdimHjm(M,E)
≤ r m
n−1
(n − 1)!(2π)n
q∑
j=0
(−1)q−j
∫
X(j)
(−1)n+j(dω0)n−1 ∧ ω0 + o(mn−1), m ∈ N.
(1.21)
Corollary 1.9. With the same notations and assumptions as in Theorem 1.8 and we assume
that the integral
(1.22)
∫
X(≤1)
(−1)n(dω0)n−1 ∧ ω0 > 0.
Then dimH0m(M,E) ≈ rmn−1 as m→∞. Moreover, dimH0(M,E) =∞.
In the end of this section, we give some simple examples.
(I) Consider a compact complex manifold Ω and let (L, hL)→ Ω be a holomorphic line
bundle over Ω, where hL denotes a Hermitian fiber metric of L. Let (L∗, hL∗)→ Ω be the
dual bundle of (L, hL) and put M ′ = L∗ and let M =
{
v ∈ L∗; |v|2hL∗ < 1
}
. Clearly M ′ is
equipped with a natural (globally free) S1-action eiϕ (by acting on the circular fiber) and
the S1-action satisfies Assumption 1.1, Assumption 1.2 and (1.5).
Assume that Ω admits a holomorphic torus action T d y Ω denoted by (eiϕ1 , . . . , eiϕd).
The torus action T d and the S1-action eiϕ induce a nature S1-action on M ′ given by
eiθ ◦ (z, λ) = ((eiϕ1 , . . . , eiϕd) ◦ z, eiϕ ◦ λ), where ϕ = ϕ1 = · · · = ϕd = θ, z denotes
the coordinates of Ω and λ denotes the fiber coordinate of L∗. It is easy to see that this
S1-action satisfies Assumption 1.1, Assumption 1.2 and (1.5).
(II) Let V ⊂ Cm be a complex space with an isolated singularity 0 ∈ V . Let Br ⊂ Cm be
a ball centered at 0 with radius r. Let Vr = V ∩ Br. Suppose Br intersects V transversally.
By the Sard theorem, for almost all 0 < r << 1, the boundary of Vr denoted by Xr
is a smooth strongly pseudoconvex CR manifold. Xrs are called CR links of the germ
(V, 0). It is an useful approach to study the singularity through studying its CR links
(see [12]). The standard holomorphic S1-action eiθ ◦ (z1, · · · , zm) = (eiθz1, · · · , eiθzm)
induces a transversal CR S1-action on Xr. Then the S
1 action on Xr extends to a weakly
holomorphic S1 action on Vr and 0 is the unique fixed point of the extended action ([13,
Theorem 1.11, 1.12]). Let π : V˜r → Vr be a desingularization. The S1 action on Vr
lifts to a holomorphic S1 action on V˜r. Thus, V˜r is a complex manifold which admits a
holomorphic S1 action which preserves the boundary Xr and the action restricted on the
boundary of V˜r is transversal and CR.
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2. PRELIMINARIES
2.1. Some standard notations. We use the following notations: N = {1, 2, . . .}, N0 =
N ∪ {0}, R is the set of real numbers, R+ := {x ∈ R; x ≥ 0}. For a multiindex α =
(α1, . . . , αm) ∈ Nm0 , we set |α| = α1 + · · ·+ αm. For x = (x1, . . . , xm) ∈ Rm we write
xα = xα11 . . . x
αm
m , ∂xj =
∂
∂xj
, ∂αx = ∂
α1
x1 . . . ∂
αm
xm =
∂|α|
∂xα
,
Dxj =
1
i
∂xj , D
α
x = D
α1
x1 . . . D
αm
xm , Dx =
1
i
∂x .
Let z = (z1, . . . , zm), zj = x2j−1 + ix2j , j = 1, . . . ,m, be coordinates of Cm, where
x = (x1, . . . , x2m) ∈ R2m are coordinates in R2m. We write
zα = zα11 . . . z
αm
m , z
α = zα11 . . . z
αm
m ,
∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
− i ∂
∂x2j
)
, ∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
+ i
∂
∂x2j
)
,
∂αz = ∂
α1
z1 . . . ∂
αm
zm =
∂|α|
∂zα
, ∂αz = ∂
α1
z1
. . . ∂αmzm =
∂|α|
∂zα
.
LetΩ be a C∞ orientable paracompact manifold. We let TΩ and T ∗Ω denote the tangent
bundle of Ω and the cotangent bundle of Ω respectively. The complexified tangent bundle
of Ω and the complexified cotangent bundle of Ω will be denoted by CTΩ and CT ∗Ω
respectively. We write 〈 · , · 〉 to denote the pointwise duality between TΩ and T ∗Ω. We
extend 〈 · , · 〉 bilinearly to CTΩ× CT ∗Ω.
Let E be a C∞ vector bundle over Ω. The fiber of E at x ∈ Ω will be denoted by Ex.
Let F be another vector bundle over Ω. We write F ⊠E∗ to denote the vector bundle over
Ω×Ω with fiber over (x, y) ∈ Ω× Ω consisting of the linear maps from Ey to Fx.
Let Y ⊂ Ω be an open set. The spaces of smooth sections of E over Y and distribution
sections of E over Y will be denoted by C∞(Y,E) and D ′(Y,E) respectively. Let E ′(Y,E)
be the subspace of D ′(Y,E) whose elements have compact support in Y . For m ∈ R, we
let Hm(Y,E) denote the Sobolev space of order m of sections of E over Y . For m = 0, we
write L2(Y,E) := H0(Y,E). Put
Hmloc (Y,E) =
{
u ∈ D ′(Y,E); ϕu ∈ Hm(Y,E), ∀ϕ ∈ C∞0 (Y )
}
,
Hmcomp (Y,E) = H
m
loc(Y,E) ∩ E ′(Y,E) .
2.2. Set up. LetM be a relatively compact open subset with smooth connected boundary
X of a complex manifold M ′ of dimension n. Assume that M ′ admits a holomorphic
S1-action eiθ, θ ∈ [0, 2π]: eiθ : M ′ → M ′, x ∈ M ′ → eiθ ◦ x ∈ M ′. From now on, we
will use the same assumptions and notations as in Section 1. Recall that we work with
Assumption 1.1, Assumption 1.2 and (1.5). From now on, we fix a S1-invariant Hermitian
metric 〈 · | · 〉 on CTM ′ so that
T ⊥ (T 1,0X ⊕ T 0,1X) at every point of X,
〈T |T 〉 = 1 at every point of X.(2.1)
The Hermitian metric 〈 · | · 〉 on CTM ′ induces by duality a Hermitian metric on CT ∗M ′
and Hermitian metrics on T ∗0,qM ′ the bundle of (0, q) forms onM ′, q = 1, . . . , n. We shall
also denote these Hermitian metrics by 〈 · | · 〉. From now on, we fix a defining function
ρ ∈ C∞(M ′,R) of X such that
〈 dρ(x) | dρ(x) 〉 = 1 on X,
ρ(eiθ ◦ x) = ρ(x), ∀x ∈M ′, ∀θ ∈ [0, 2π[.(2.2)
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Let ω0 be given as in (1.11). From the assumption (1.6), (1.11), (2.1) and (2.2) we have
(2.3) ω0 = J(dρ), T = J(
∂
∂ρ
) on X,
where ∂∂ρ is the dual vector field of dρ. Thus, the Levi-form on X defined in (1.12) is
exactly
(2.4) Lp(U, V ) = 〈∂∂ρ(p) , U ∧ V 〉, U, V ∈ T 1,0p X.
Definition 2.1. M is called weakly (strongly) pseudoconvex at x ∈ X if Lx is positive semi-
definite (definite) on T
1,0
x X. If Lx is positive semidefinite at every point of X, then M is
called a weakly pseudoconvex manifold.
Fix q = 0, 1, . . . , n − 1. Let Ω0,q0 (M ′) be the space of smooth (0, q) forms on M ′ whose
elements have compact support inM ′ and let Ω0,q0 (M) be the space of smooth (0, q) forms
on M whose elements have compact support in M . Let ( · | · )M ′ and ( · | · )M be the L2
inner products on Ω0,q0 (M
′) and Ω0,q0 (M) respectively given by
(u | v )M ′ :=
∫
M ′
〈u | v 〉dvM ′ , u, v ∈ Ω0,q0 (M ′),
(u | v )M :=
∫
M
〈u | v 〉dvM ′ , u, v ∈ Ω0,q0 (M),
(2.5)
where dvM ′ is the volume form on M
′ induced by 〈 · | · 〉. Let L2(0,q)(M) be the L2 comple-
tion of Ω0,q0 (M) with respect to ( · | · )M . It is clear that Ω0,q(M) ⊂ L2(0,q)(M). We extend
( · | · )M to L2(0,q)(M) in the standard way and let ‖·‖M be the corresponding L2 norm. Let
T ∗0,qX be the bundle of (0, q) forms on X. Recall that for every x ∈ X, we have
T ∗0,qx X :=
{
u ∈ T ∗0,qx M ′; 〈u | ∂ρ(x) ∧ g 〉 = 0, ∀g ∈ T ∗0,q−1x M ′
}
.
Let Ω0,q(X) be the space of smooth (0, q) forms on X. Let ( · | · )X be the L2 inner product
on Ω0,q(X) given by
(2.6) (u | v )X :=
∫
X
〈u | v 〉dvX ,
where dvX is the volume form on X induced by 〈 · | · 〉. Let L2(0,q)(X) be the L2 completion
of Ω0,q(X) with respect to ( · | · )X . We extend ( · | · )X to L2(0,q)(X) in the standard way and
let ‖·‖X be the corresponding L2 norm.
Fix m ∈ Z. Let Ω0,qm (M ′) be as in (1.7) and let Ω0,qm (M) denote the space of restrictions
to M of elements in Ω0,qm (M ′). Let L2(0,q),m(M) be the completion of Ω
0,q
m (M) with respect
to ( · | · )M . Similarly, let
(2.7) Ω0,qm (X) := {u ∈ Ω0,q(X); LTu = imu},
where LTu is the Lie derivative of u along direction T . For convenience, we write Tu :=
LTu. Let L2(0,q),m(X) be the completion of Ω0,qm (X) with respect to ( · | · )X .
For s ∈ R, let ‖·‖s,X denote the standard Sobolev norm on X of order s. Let x0 ∈ X
and let U be an open set of x0 in M
′ with local coordinates x = (x1, . . . , x2n). Fix s ∈ N0.
Let u ∈ C∞0 (U). We define the Sobolev norm of order s of u onM by
(2.8) ‖u‖2s,M :=
∑
α∈N2n0 ,|α|≤s
∫
M
|∂αxu|2 dvM ′ .
By using partition of unity, for u ∈ C∞(M), we define ‖u‖2s,M in the standard way. Let
Hs(M ) be the completion of C∞(M) with respect to ‖·‖s,M . Let E be a smooth vector
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bundle over M ′. As in function case, we define ‖u‖2s,M , for u ∈ C∞(M,E) in the similar
way, where C∞(M,E) denotes the space of restrictions to M of elements in C∞(M ′, E).
Let Hs(M,E) be the completion of C∞(M,E) with respect to ‖·‖s,M .
3. S1-EQUIVARIANT ∂-NEUMANN PROBLEM
In this section, we will study S1-equivariant ∂-Neumann problem. We will show that
for every q = 0, 1, . . . , n− 1, and every m ∈ Z, we have dimHqm(M) < +∞.
Until further notice, we fix m ∈ Z and q ∈ {0, 1, . . . , n− 1}. Let ∂ : Ω0,q(M) →
Ω0,q+1(M ) be the Cauchy-Riemann operator. We write ∂m to denote the restriction of ∂
on Ω0,qm (M). Since T commutes with ∂, we have ∂m : Ω
0,q
m (M ) → Ω0,q+1m (M ). We extend
∂m to L
2
(0,q),m(M):
∂m : Dom ∂m ⊂ L2(0,q),m(M)→ L2(0,q+1),m(M),
where Dom ∂m = {u ∈ L2(0,q),m(M); ∂u ∈ L2(0,q+1),m(M)}. Let
∂
⋆
m : Dom ∂
⋆
m ⊂ L2(0,q+1),m(M)→ L2(0,q),m(M)
be the Hilbert adjoint of ∂m with respect to ( · | · )M . The Gaffney extension of m-th ∂-
Neumann Laplacian is given by
(3.1) (q)m : Dom
(q)
m ⊂ L2(0,q),m(M)→ L2(0,q),m(M),
where Dom
(q)
m := {u ∈ L2(0,q),m(M) : u ∈ Dom ∂m ∩ Dom ∂
⋆
m, ∂mu ∈ Dom ∂
⋆
m, ∂
⋆
mu ∈
Dom ∂m} and (q)m u = (∂m ∂⋆m + ∂
⋆
m ∂m)u, u ∈ Dom(q)m . Put
Ker(q)m =
{
u ∈ Dom(q)m ; (q)m u = 0
}
.
It is easy to check that
(3.2) Ker(q)m = {u ∈ Dom(q)m ; ∂mu = 0, ∂
⋆
mu = 0}.
Let ∂ρ∧ : T ∗0,qM ′ → T ∗0,q+1M ′ be the operator with wedge multiplication by ∂ρ and
let ∂ρ∧,⋆ : T ∗0,q+1M ′ → T ∗0,qM ′ be its adjoint with respect to 〈 · | · 〉, that is,
(3.3) 〈 ∂ρ ∧ u | v 〉 = 〈u | ∂ρ∧,⋆v 〉, u ∈ T ∗0,qM ′, v ∈ T ∗0,q+1M ′.
Denote by γ the operator of restriction on X. By using the calculation in page 13 of [11],
we can check that
Dom ∂
⋆
m ∩ Ω0,q+1m (M) = {u ∈ Ω0,q+1m (M ); γ∂ρ∧,⋆u = 0},
Dom(q)m ∩ Ω0,qm (M) = {u ∈ Ω0,qm (M); γ∂ρ∧,⋆u = 0, γ∂ρ∧,⋆∂u = 0}.
(3.4)
Let ∂
⋆
f : Ω
0,q+1(M ′)→ Ω0,q(M ′) be the formal adjoint of ∂ with respect to ( · | · )M ′ , that is,
( ∂u | v )M ′ = (u | ∂⋆fv )M ′ , ∀u ∈ Ω0,q0 (M ′), ∀v ∈ Ω0,q+1(M ′).
It is easy to see that if u ∈ Dom ∂⋆m ∩ Ω0,q+1m (M), then
(3.5) ∂
⋆
mu = ∂
⋆
fu.
Fix p ∈ X. From (2.2) it is easy to see that there exist an open set U of p in M ′ and a
local orthonormal frame {ωj}nj=1 of T ∗1,0M ′ on U with ωn = 1〈∂ρ|∂ρ〉 12 ∂ρ. Let {Lj}
n
j=1 ⊂
T 1,0M ′ be the dual frame of {ωj}nj=1. We need
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Lemma 3.1. Let p ∈ X. Let U and {Lj}nj=1 be as above. Then there exist holomorphic
coordinates z = (z1, . . . , zn) centered at p defined in an open set U0 ⋐ U of p inM
′ such that
Lj =
∂
∂zj
+O(|z|), j = 1, . . . , n,
i(Ln − Ln) = cT +
n−1∑
j=1
(bjLj + bjLj) +O(|z|),
(3.6)
where c 6= 0 and bj , j = 1, . . . , n − 1, are constants.
Proof. First, we can choose holomorphic coordinates z = (z1, . . . , zn) centered at p defined
in an open set U0 ⋐ U of p inM
′ such that
(3.7) Lj(p) =
∂
∂zj
|p, j = 1, 2, . . . , n.
Note that Lj(ρ) = 0, j = 1, . . . , n − 1 and Ln(ρ) = 1√2 + O(ρ). From this observation and
(3.7), we get ∂ρ∂zj (p) = 0,∀j = 1, · · · , n− 1 and
∂ρ
∂zn
(p) = 1√
2
and hence
(3.8) ρ =
∂ρ
∂zn
(p)zn +
∂ρ
∂zn
(p)zn +O(|z|2) =
√
2Re zn +O(|z|2).
Write T = an
∂
∂zn
+ an
∂
∂zn
+
∑n−1
j=1 (aj
∂
∂zj
+ aj
∂
∂zj
), where aj ∈ C∞(U0), j = 1, . . . , n.
Since (Tρ)(p) = 0, we get an(p) + an(p) = 0 and hence an(p) =
i
c , for some constant
c. Since T is transversal to T 1,0X ⊕ T 0,1X and T 1,0p X = span {L1(p), . . . , Ln−1(p)}, we
deduce that c 6= 0. Since Ln = ∂∂zn +O(|z|), the lemma follows. 
Theorem 3.2. There exists Cm > 0 such that for every u ∈ Dom(q)m ∩ Ω0,qm (M), we have
(3.9) ‖u‖1,M ≤ Cm(‖(q)m u‖M + ‖u‖M ).
Proof. Step 1. We first prove (3.9) when q = 0. Let u ∈ Dom(0)m ∩ C∞m (M). Fix p ∈ X.
Let z = (z1, . . . , zn) be holomorphic coordinates centered at p defined on an open set U0
of p in M ′ such that (3.6) holds. We will use the same notations as in Lemma 3.1. Let
χ ∈ C∞0 (U0) and put v := χu. It is easy to see that
‖v‖2
1,M
≤ c1
(
‖v‖2M +
n∑
j=1
‖L¯jv‖2M +
n∑
j=1
‖Ljv‖2M
)
≤ c2
(
‖v‖2M + ‖∂v‖2M +
n−1∑
j=1
‖Ljv‖2M + ‖Lnv‖2M
)
,
(3.10)
where c1 > 0, c2 > 0 are constants. Let L ∈ C∞(U0,CTM ′), we have the following
formula due to Stokes’ theorem
(3.11)∫
M
(Lf)gdvM ′ = −
∫
M
f(Lg)dvM ′ +
∫
M ′
hfgdvM ′ +
∫
X
L(ρ)fgdvX , f, g ∈ C∞0 (U0),
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where h is a smooth function. From (3.11) and notice that Lj(ρ) = 0, j = 1, . . . , n− 1, we
can check that when j = 1, . . . , n− 1,
(Ljv |Ljv )M = −( v, |LjLjv ) +O(‖v‖M · ‖Ljv‖M )
= −( v | [L¯j , Lj ]v )M − ( v |LjLjv )M +O(‖v‖M · ‖Ljv‖M )
= ( v | [Lj , L¯j ]v )M + ‖Ljv‖2M +O(‖v‖M‖Ljv‖M ) +O(‖v‖M · ‖Ljv‖M )
= ‖Ljv‖2M +O(‖v‖M · ‖v‖1,M ).
(3.12)
From (3.12) and (3.10), we deduce that
(3.13) ‖v‖2
1,M
≤ c3
(
‖Lnv‖2M + ‖v‖2M + ‖∂v‖2M
)
,
where c3 > 0 is a constant. From (3.6), we see that
‖Lnv‖2M ≤ c4
(∥∥Lnv∥∥2M + ∥∥(Ln − Ln)v∥∥2M)
≤ c5
(∥∥Lnv∥∥2M + ‖Tv‖2M + n−1∑
j=1
(‖Ljv‖2M +
∥∥Ljv∥∥2M ) + ε(U0) ‖v‖21,M),(3.14)
and ∥∥Lnv∥∥2M ≤ cˆ4( ‖Lnv‖2M + ∥∥(Ln − Ln)v∥∥2M)
≤ cˆ5
(
‖Lnv‖2M + ‖Tv‖2M +
n−1∑
j=1
(‖Ljv‖2M +
∥∥Ljv∥∥2M ) + εˆ(U0) ‖v‖21,M),(3.15)
where c4 > 0, c5 > 0, cˆ4 > 0, cˆ5 > 0 are constants and ε(U0) > 0, εˆ(U0) > 0 are constants
depending on U0 with ε(U0)→ 0 if U0 → {p}, εˆ(U0)→ 0 if U0 → {p}. From (3.12), (3.13)
and (3.14), we see that if U0 is small enough, then
(3.16) ‖v‖2
1,M
≤ c6
(
‖Tv‖2M + ‖v‖2M + ‖∂v‖2M
)
,
where c6 > 0 is a constant. From (3.16), by using partition of unity and notice that
Tu = imu, we deduce that
(3.17) ‖u‖2
1,M
≤ Cm
(
‖u‖2M + ‖∂mu‖2M
)
,
where Cm > 0 is a constant. Since u ∈ Dom(0)m , we have ‖∂mu‖2M = ((0)m u |u )M . From
this observation and (3.17), we get (3.9) for q = 0.
Step 2. Now we prove (3.9) for q > 0. Let u ∈ Dom(q)m ∩ Ω0,qm (M ). Fix p ∈ X.
Let z = (z1, . . . , zn) be holomorphic coordinates centered at p defined on an open set
U0 of p in M
′ such that (3.6) holds. We will use the same notations as in Lemma 3.1.
Let χ ∈ C∞0 (U0) and put v := χu. On U0, we write u =
∑′
|J |=q uJω
J , where
∑′
means that the summation is performed only over strictly increasing multiindices and for
J = (j1, . . . , jq), ω
J = ωj1 ∧ · · · ∧ ωjq . For every strictly increasing multiindex J , |J | = q,
put vJ := χuJ . Then v =
∑′
|J |=q vJω
J . We have
‖v‖21,M ≤ C1
( ∑′
|J |=q,j∈{1,...,n}
‖LjvJ‖2M +
∑′
|J |=q,j∈{1,...,n}
‖LjvJ‖2M + ‖v‖2M
)
,(3.18)
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where C1 > 0 is a constant. Moreover, it is easy to see that
‖∂v‖2M + ‖∂⋆fv‖2M
=
∑′
|J |=q,j /∈J,j∈{1,...,n}
‖LjvJ‖2M +
∑′
|J |=q,j∈J,j∈{1,...,n}
‖LjvJ‖2M +O(‖v‖M · ‖v‖1,M ).(3.19)
From (3.12), we see that for j = 1, . . . , n − 1 and every strictly increasing multiindex J ,
|J | = q, we have
‖LjvJ‖2M =
∥∥LjvJ∥∥2M +O(‖v‖M ‖v‖1,M ),∥∥LjvJ∥∥2M = ‖LjvJ‖2M +O(‖v‖M ‖v‖1,M ).(3.20)
From (3.20) and (3.19), we deduce that
‖∂v‖2M + ‖∂∗fv‖2M
=
1
2
∑′
|J |=q,j∈{1,...,n−1}
(
‖LjvJ‖2M + ‖LjvJ‖2M
)
+
∑′
|J |=q,n/∈J
‖LnvJ‖2M +
∑′
|J |=q,n∈J
‖LnvJ‖2M +O(‖v‖M · ‖v‖1,M ).
(3.21)
From (3.18), (3.21), (3.14) and (3.15), we see that if U0 is small enough, then
(3.22) ‖v‖2
1,M
≤ C2
(
‖Tv‖2M + ‖v‖2M + ‖∂v‖2M +
∥∥∥∂⋆fv∥∥∥2
M
)
,
where C2 > 0 is a constant. Since Tu = imu, we conclude that ‖Tv‖2M ≤ C3 ‖u‖M , where
C3 > 0 is a constant. From this observation, (3.22) and by using partition of unity, we
conclude that
(3.23) ‖u‖2
1,M
≤ Cm
(
‖u‖2M + ‖∂mu‖2M +
∥∥∥∂⋆mu∥∥∥2
M
)
,
where Cm > 0 is a constant. Since u ∈ Dom(q)m , we have ‖∂mu‖2M +
∥∥∥∂⋆mu∥∥∥2
M
=
(
(q)
m u |u )M . From this observation and (3.23), we get (3.9) for q > 0. 
From (3.9), we can repeat the method of Folland-Kohn (see Section 5 in [11]) and
deduce
Theorem 3.3. Let u ∈ Dom(q)m and let (q)m u = v ∈ L2(0,q),m(M). Then u ∈ H1(M) and
we have
(3.24) ‖u‖1,M ≤ cm(‖(q)m u‖M + ‖u‖M ),
where cm > 0 is a constant independent of u. Moreover, if v ∈ Ω0,qm (M), then u ∈ Ω0,qm (M ).
By standard arguments in functional analysis, we get the following
Theorem 3.4. The operator 
(q)
m : Dom
(q)
m → L2(0,q),m(M) has L2 closed range. Moreover,
Ker
(q)
m ⊂ Ω0.qm (M) and dimKer(q)m <∞.
Furthermore, there exists a bounded operator N
(q)
m : L2(0,q),m(M) → Dom
(q)
m with
N
(q)
m (Ω
0,q
m (M )) ⊂ Ω0,qm (M ) such that
(3.25)

(q)
m N
(q)
m +B
(q)
m = I on L
2
(0,q),m(M),
N (q)m 
(q)
m +B
(q)
m = I on Dom
(q)
m ,
where B
(q)
m : L2(0,q),m(M)→ Ker
(q)
m is the orthogonal projection with respect to ( · | · )M .
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From Theorem 3.4, (3.2), (3.4) and (3.5), we deduce that
(3.26) Ker(q)m = {u ∈ Ω0,qm (M); ∂u = 0, ∂⋆fu = 0, γ∂ρ∧,⋆u = 0}.
Now, we can prove
Theorem 3.5. We have
(3.27) Ker(q)m
∼= Hqm(M).
Hence dimHqm(M) < +∞.
Proof. Consider the linear map:
T (q)m : Ker ∂m :=
{
u ∈ Ω0,qm (M); ∂mu = 0
}→ Ker(q)m ,
u→ B(q)m u,
where B
(q)
m is as in (3.25). It is clear that the map is well-defined and surjective. We claim
that
(3.28) KerT (q)m = Im∂m :=
{
∂mu ∈ Ω0,qm (M ); u ∈ Ω0,q−1m (M)
}
.
Let u ∈ KerT (q)m . Then B(q)m u = 0. From (3.25), we see that
(3.29) u = (q)m N
(q)
m u = (∂m ∂
⋆
m + ∂
⋆
m ∂m)N
(q)
m u.
From ∂mu = 0 and (3.29), we get
(3.30) ∂m ∂
⋆
m ∂mN
(q)
m u = 0.
From (3.30) and note that ∂mN
(q)
m u ∈ Dom ∂⋆m, we have
(3.31) ( ∂
⋆
m ∂mN
(q)
m u | ∂⋆m ∂mN (q)m u )M = ( ∂m ∂⋆m ∂mN (q)m u | ∂mN (q)m u )M = 0.
From (3.31) and (3.29), we get
(3.32) u = ∂m ∂
⋆
mN
(q)
m u.
Note that ∂
⋆
mN
(q)
m u ∈ Ω0,q−1m (M). From this observation and (3.32), the claim (3.28)
follows and we get the theorem. 
4. THE OPERATORS ∂β , 
(q)
β AND REDUCTION TO THE BOUNDARY
In this section, we will show that if m ≫ 1, then Hqm(M ) ∼= Ker ˆ(q)β,m, for every q =
0, 1, . . . , n − 1, where ˆ(q)β,m is an operator analogous to the Kohn Laplacian defined on
X(see (4.46)). From this result, we can reduce our problems to the boundary X.
Until further notice, we fix q ∈ {0, 1, . . . , n− 1}. We first introduce some notations.
We remind the reader that for s ∈ N0, the space Hs(M,T ∗0,qM ′) was introduced in the
discussion after (2.8). Let
∂
⋆
f : Ω
0,q+1(M ′)→ Ω0,q(M ′)
be the formal adjoint of ∂ with respect to ( · | · )M ′ . That is
( ∂f |h )M ′ = ( f | ∂⋆fh )M ′ ,
f ∈ Ω0,q0 (M ′), h ∈ Ω0,q+1(M ′). Let

(q)
f = ∂ ∂
⋆
f + ∂
⋆
f ∂ : Ω
0,q(M ′)→ Ω0,q(M ′)
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denote the complex Laplace-Beltrami operator on (0, q) forms. As before, let γ denotes the
operator of restriction to the boundary X. Let us consider the map
F (q) : H2(M,T ∗0,qM ′)→ L2(0,q)(M)⊕H
3
2 (X,T ∗0,qM ′)
u 7→ ((q)f u, γu).
(4.1)
It is well-known that dimKerF (q) <∞ and KerF (q) ⊂ Ω0,q(M). Let
(4.2) K(q) : H2(M,T ∗0,qM ′)→ KerF (q)
be the orthogonal projection with respect to ( · | · )M . Put ˜(q)f = (q)f +K(q) and consider
the map
F˜ (q) : H2(M,T ∗0,qM ′)→ L2(0,q)(M)⊕H
3
2 (X,T ∗0,qM ′)
u 7→ (˜(q)f u, γu).
(4.3)
Then F˜ (q) is injective (see Chapter 3 in [7]). Let
(4.4) P˜ : C∞(X,T ∗0,qM ′)→ Ω0,q(M )
be the Poisson operator for ˜
(q)
f which is well-defined since (4.3) is injective. The Poisson
operator P˜ satisfies
˜
(q)
f P˜ u = 0, ∀u ∈ C∞(X,T ∗0,qM ′),
γP˜u = u, ∀u ∈ C∞(X,T ∗0,qM ′).
(4.5)
It is well-known that P˜ extends continuously
P˜ : Hs(X,T ∗0,qM ′)→ Hs+ 12 (M,T ∗0,qM ′), ∀s ∈ R
(see page 29 of Boutet de Monvel [3]). Let
P˜ ⋆ : E ′(M,T ∗0,qM ′)→ D′(X,T ∗0,qM ′)
be the operator defined by
( P˜ ⋆u | v )X = (u | P˜ v )M , u ∈ E ′(M,T ∗0,qM ′), v ∈ C∞(X,T ∗0,qM ′),
where E ′(M,T ∗0,qM ′) denotes the space of continuous linear map from Ω0,q(M) to C
with respect to ( · | · )M . It is well-known (see page 30 of [3] ) that P˜ ∗ is continuous:
P˜ ∗ : L2(0,q)(M)→ H
1
2 (X,T ∗0,qM ′) and
P˜ ⋆ : Ω0,q(M)→ C∞(X,T ∗0,qM ′).
Lemma 4.1. We have T ◦K(q) = K(q) ◦ T on Ω0,q(M).
Proof. Let u ∈ Ω0,q(M). We have (q)f K(q)u = 0 and γK(q)u = 0. Since T commutes
with 
(q)
f and γ we have T ◦ K(q)u ∈ KerF (q). Let v := K(q) ◦ Tu − T ◦ K(q)u. Then,
v ∈ KerF (q). We have
(K(q) ◦ Tu− T ◦K(q)u | v )M = (Tu | v )M − (T ◦K(q)u | v )M
= (Tu | v )M + (K(q)u |Tv )M
= (Tu | v )M + (u |Tv )M = 0.
(4.6)
Thus, K(q) ◦ Tu− T ◦K(q)u = 0. The lemma follows. 
S1-EQUIVARIANT INDEX THEOREMS AND MORSE INEQUALITIES ON COMPLEX MANIFOLDS WITH BOUNDARY15
From Lemma 4.1, we have
(4.7) K(q) : Ω0,qm (M)→ Ω0,qm (M), ∀m ∈ Z.
For every m ∈ Z, let Q(q)m : L2(0,q)(M) → L2(0,q),m(M) be the orthogonal projection with
respect to ( · | · )M . Let u ∈ KerF (q). It is easy to see that Q(q)m u ∈ KerF (q). For every
m ∈ Z, put KerF (q)m := KerF (q)
⋂
Ω0,qm (M ). It is easy to see that KerF
(q)
m ⊥ KerF (q)m′ , for
every m,m′ ∈ Z, m 6= m′, and KerF (q) = ⊕m∈ZKerF (q)m . From dimKerF (q) < +∞ and
(4.7), we deduce that
Theorem 4.2. There is a m0 ∈ N, such that for every m ∈ Z with |m| ≥ m0, we have
KerF
(q)
m = {0} and K(q)u = 0, for every u ∈ Ω0,qm (M), where K(q) is as in (4.2).
We also need
Lemma 4.3. We have T ◦ P˜ = P˜ ◦ T on C∞(X,T ∗0,qM ′).
Proof. Let u ∈ C∞(X,T ∗0,qM ′). Since T(q)f = (q)f T , TK(q) = K(q)T and Tγ = γT , we
have F˜ (q)(T P˜u− P˜ Tu) = 0. Since F˜ (q) is injective, we get T ◦ P˜ u = P˜ ◦ Tu. 
From Lemma 4.3, we have
(4.8) P˜ : Ω0,qm (X)→ Ω0,qm (M), ∀m ∈ Z.
From Theorem 4.2, (4.8) and (4.5), we deduce
Theorem 4.4. There is a m0 ∈ N, such that for every m ∈ Z with |m| ≥ m0, we have

(q)
f P˜ u = 0, ∀u ∈ Ω0,qm (X),
γP˜u = u, ∀u ∈ Ω0,qm (X).
(4.9)
From now on, we assume that |m| ≥ m0, where m0 ∈ N is as in Theorem 4.4.
We define a new inner product on H−
1
2 (X,T ∗0,qM ′) as follows:
(4.10) [u | v ] = ( P˜ u | P˜ v)M .
Let
(4.11) Q : H−
1
2 (X,T ∗0,qM ′)→ Ker∂ρ∧,⋆ = H− 12 (X,T ∗0,qX)
be the orthogonal projection onto Ker ∂ρ∧,⋆ with respect to [ · | · ].
The following is well-known (see Lemma 4.2 of the second part in [7] )
Lemma 4.5. Q is a classical pseudodifferential operator of order 0 with principal symbol
2(∂ρ)∧,∗(∂ρ)∧. Moreover,
(4.12) I −Q = (P˜ ⋆P˜ )−1(∂ρ)∧S,
where S : C∞(X,T ∗0,qM ′) → C∞(X,T ∗0,qM ′) is a classical pseudodifferential operator of
order −1.
Remark 4.6. It is well-known that the operator
P˜ ⋆P˜ : C∞(X,T ∗0,qM ′)→ C∞(X,T ∗0,qM ′)
is a classical elliptic pseudodifferential operator of order −1 and invertible since P˜ is injec-
tive (see Boutet de Monvel [3]). Moreover, the operator
(P˜ ⋆P˜ )−1 : C∞(X,T ∗0,qM ′)→ C∞(X,T ∗0,qM ′)
is a classical elliptic pseudodifferential operator of order 1.
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We consider the following operator
(4.13) ∂β = Qγ∂P˜ : Ω
0,q(X)→ Ω0,q+1(X).
The operator ∂β was introduced by the first author in [7]. It is straightforward to see that
(4.14) T ◦Q = Q ◦ T on Ω0,q(X).
From (4.14) and Lemma 4.3, we deduce that
(4.15) T ◦ ∂β = ∂β ◦ T on Ω0,q(X).
Let ∂
†
β : Ω
0,q+1(X)→ Ω0,q(X) be the formal adjoint with respect to [ · | · ]. It is not difficult
to see that
(4.16) T ◦ ∂†β = ∂†β ◦ T on Ω0,q(X).
Set
(4.17) 
(q)
β = ∂
†
β∂β + ∂β∂
†
β : Ω
0,q(X)→ Ω0,q(X).
From (4.15) and (4.16), we deduce that
(4.18) T ◦(q)β = 
(q)
β ◦ T on Ω0,q(X).
We write 
(q)
β,m to denote the restriction of 
(q)
β on Ω
0,q
m (X).
We pause and recall the tangential Cauchy-Riemann operator and Kohn Laplacian. For
x ∈ X, let π0,qx : T ∗0,qx M ′ → T ∗0,qx X be the orthogonal projection map with respect to
〈 · | · 〉. The tangential Cauchy-Riemann operator is given by
∂b := π
0,q+1 ◦ d : Ω0,q(X)→ Ω0,q+1(X).
Let ∂
⋆
b be the formal adjoint of ∂b with respect to ( · | · )X , that is ( ∂bf | h)X = (f | ∂⋆bh )X ,
f ∈ Ω0,q(X), h ∈ Ω0,q+1(X). The Kohn Laplacian is given by
(4.19) 
(q)
b := ∂b ∂
⋆
b + ∂
⋆
b ∂b : Ω
0,q(X)→ Ω0,q(X).
It is well-known that (see [8] and [9])
T ◦ ∂b = ∂b ◦ T on Ω0,q(X),
T ◦ ∂⋆b = ∂⋆b ◦ T on Ω0,q(X),
T ◦(q)b = 
(q)
b ◦ T on Ω0,q(X).
(4.20)
We write 
(q)
b,m to denote the restriction of 
(q)
b on Ω
0,q
m (X). We come back to our situation.
The following is well-known (see Lemma 5.1, equation (5.3) and Lemma 5.2 in the second
part of [7])
Theorem 4.7. We have that ∂β and ∂
†
β are classical pseudodifferential operators of order 1,
(4.21) ∂β ◦ ∂β = 0 on Ω0,q(X)
and
∂β = ∂b+lower order terms,
∂
†
β = γ∂
⋆
f P˜ = ∂
⋆
b+lower order terms.
(4.22)
We introduce some notations. Let
△X := −1
2
(dd⋆ + d⋆d) : C∞(X,Λq(CT ∗X))→ C∞(X,Λq(CT ∗X))
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be the real Laplacian on X, where d : C∞(X,Λq(CT ∗X)) → C∞(X,Λq+1(CT ∗X)) is the
standard derivative and d⋆ : C∞(X,Λq+1(CT ∗X)) → C∞(X,Λq(CT ∗X)) is the formal
adjoint of d with respect to ( · | · )X . We extend −△X to L2 space:
−△X : Dom (−△X) ⊂ L2(X,Λq(CT ∗X))→ L2(X,Λq(CT ∗X)),
whereDom (−△X) =
{
u ∈ L2(X,Λq(CT ∗X)); −△Xu ∈ L2(X,Λq(CT ∗X))
}
. Then, −△X
is a non-negative operator. Let
√−△X be the square root of −△X . Then,
√−△X is a
non-negative operator, has L2 closed range, Ker
√−△X is a finite dimensional subspace
of C∞(X,Λq(CT ∗X)). Moreover, it is easy to see that
(4.23) T ◦
√
−△X =
√
−△X ◦ T on C∞(X,Λq(CT ∗X)).
Let G : L2(X,Λq(CT ∗X)) → Dom√−△X be the partial inverse of
√−△X and let H :
L2(X,Λq(CT ∗X))→ Ker√−△X be the orthogonal projection. We have√
−△XG+H = I on L2(X,Λq(CT ∗X)),
G
√
−△X +H = I on Dom
√−△X .
(4.24)
Note that G is a classical pseudodifferentail operator of order −1 and H is a smoothing
operator.
For x ∈ X, put
(4.25) I0,qT ∗xM
′ =
{
u ∈ T ∗0,qx M ′; u = (∂ρ)∧g, g ∈ T ∗0,q−1x M ′
}
and let I0,qT ∗M ′ be the vector bundle over X with fiber I0,qT ∗xM ′, x ∈ X. Note that
for every x ∈ M ′, I0,qT ∗x (M) is orthogonal to T ∗0,qx X. The following is well-known (see
Proposition 4.2 in [7])
Theorem 4.8. The operator
γ(∂ρ)∧∂⋆f P˜ (P˜
∗P˜ )−1 : C∞(X, I0,qT ∗M ′)→ C∞(X, I0,qT ∗M ′)
is a classical pseudodifferential operator of order two,
(4.26) γ(∂ρ)∧∂⋆f P˜ (P˜
∗P˜ )−1 = (iT −
√
−△X)
√
−△X + lower order terms.
For every m ∈ Z, put C∞m (X, I0,qT ∗M ′) :=
{
u ∈ C∞(X, I0,qT ∗M ′); Tu = imu}. Note
that I0,qT ∗M ′ is a S1-invariant vector bundle over X. It is not difficult to see that
(4.27) T ◦ γ(∂ρ)∧∂⋆f P˜ (P˜ ∗P˜ )−1 = γ(∂ρ)∧∂
⋆
f P˜ (P˜
∗P˜ )−1 ◦ T on C∞(X, I0,qT ∗M ′)
and hence
(4.28) γ(∂ρ)∧∂⋆f P˜ (P˜
∗P˜ )−1 : C∞m (X, I
0,qT ∗M ′)→ C∞m (X, I0,qT ∗M ′), ∀m ∈ Z.
We can now prove
Theorem 4.9. There is a mˆ0 ∈ N such that for every m ≥ mˆ0, m ∈ N, the operator
γ(∂ρ)∧∂⋆f P˜ (P˜
∗P˜ )−1 : C∞m (X, I
0,qT ∗M ′)→ C∞m (X, I0,qT ∗M ′)
is injective.
Proof. Since Ker
√−△X is a finite dimensional subspace of C∞(X,Λq(CT ∗M ′)), there is
a m1 ∈ N, such that for every m ≥ m1, m ∈ N, we have
(4.29) Ker
√
−△X
⋂
C∞m (X,Λ
q(CT ∗M ′)) = {0} ,
where C∞m (X,Λq(CT ∗M ′)) = {u ∈ C∞(X,Λq(CT ∗M ′)); Tu = imu}. Let G,H be as in
(4.24). From (4.23), it is not difficult to see that
H : C∞m (X,Λ
q(CT ∗M ′))→ C∞m (X,Λq(CT ∗M ′)), ∀m ∈ Z.
18S1-EQUIVARIANT INDEX THEOREMS AND MORSE INEQUALITIES ON COMPLEX MANIFOLDS WITH BOUNDARY
From this observation and (4.29), we conclude that
(4.30) Ker
√
−△X ⊥ C∞m (X,Λq(CT ∗M ′)), ∀m ∈ Z, m ≥ m1.
From (4.26), we have
(4.31) γ(∂ρ)∧∂⋆f P˜ (P˜
∗P˜ )−1 = (iT −
√
−△X)
√
−△X +R,
where R is a classical pseudodifferential operator of order 1. Let u ∈ C∞m (X, I0,qT ∗M ′),
m ≥ m1. From (4.31), (4.30) and (4.24), we have
γ(∂ρ)∧∂⋆f P˜ (P˜
∗P˜ )−1u
= (iT −
√
−△X)(
√
−△Xu) +R ◦G ◦ (
√
−△Xu).
(4.32)
Since R ◦G is a classical pseudodifferential operator of order 0, there is a constant C > 0
independent of m and u such that
(4.33)
∥∥∥R ◦G ◦ (√−△Xu)∥∥∥
X
≤ C
∥∥∥√−△Xu∥∥∥
X
.
Since T
√−△Xu = im
√−△Xu and
√−△X is a non-negative operator, we deduce that
(4.34)
∥∥∥(iT −√−△X)(√−△Xu)∥∥∥
X
≥ m
∥∥∥√−△Xu∥∥∥
X
.
From (4.32), (4.33), (4.34) and (4.30) we conclude that there is a m2 ∈ N with m2 >
m1 ∈ N, such that for every u ∈ C∞m (X, I0,qT ∗M ′), m ≥ m2, if
γ(∂ρ)∧∂⋆f P˜ (P˜
∗P˜ )−1u = 0,
then
√−△Xu = 0 and hence u = 0. The theorem follows. 
PutKer
(q)
β,m :=
{
u ∈ Ω0,qm (X); (q)β,mu = 0
}
. As Kohn Laplacian case,
(q)
β,m is a transver-
sally elliptic operator and we have dimKer
(q)
β,m < +∞ (see Section 3 in [4]) . We can
now prove the main result of this section
Theorem 4.10. There is a m˜0 ∈ N, such that for all m ≥ m˜0, m ∈ N, we have
Hqm(M)
∼= Ker(q)β,m.
Proof. We assume thatm ≥ m0, wherem0 ∈ N is as in Theorem 4.4. Thus, (4.9) hold. Put
W = {u ∈ Ω0,qm (M); ∂u = 0, ∂⋆fu = 0, γ∂ρ∧,⋆u = 0, γ∂ρ∧,⋆∂u = 0}.
By (3.26) and the isomorphism (3.27), we only need to show that Ker
(q)
β,m
∼= W . We
consider the map
F :W → Ker(q)β,m,
u 7→ v = γu.
(4.35)
We now show that the map F is well-defined. Let u ∈ W . Since γ∂ρ∧,⋆u = 0, we
have v := γu ∈ C∞m (X,T ∗0,qX). Since (q)f u = 0, we have u = P˜ γu and hence ∂βv =
Qγ∂P˜γu = Qγ∂u = 0. From (4.22), we have
∂
†
βv = γ∂
⋆
f P˜ v = γ∂
⋆
fu = 0.
We have proved that v := γu ∈ Ker(q)β and the map F is well-defined.
Let u ∈ W . If v := F (u) = γu = 0, then u = P˜ v = 0. Hence the map is injective.
Now, we prove that the map F is surjective. Fix v ∈ Ker(q)β,m. We are going to prove that
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P˜ v ∈W if m ≥ sup {m0, mˆ0}, where mˆ0 ∈ N is as in Theorem 4.9. Since v ∈ Ω0,qm (X), we
have
(4.36) γ∂ρ∧,⋆P˜ v = ∂ρ∧,⋆v = 0.
Since 
(q)
β,mv = 0, we have
(4.37) ∂βv = Qγ∂P˜v = 0
and
(4.38) ∂
†
βv = γ∂
⋆
f P˜ v = 0.
Combining (4.37), (4.38) with γ(∂ ∂
⋆
f + ∂
⋆
f ∂)P˜ v = 0, we have
γ∂
⋆
f P˜ γ∂P˜ v = −γ∂P˜γ∂⋆f P˜ v = 0
and
(4.39) γ∂
⋆
f P˜ (I −Q)γ∂P˜ v = γ∂⋆f P˜ γ∂P˜ v − γ∂⋆f P˜Qγ∂P˜ v = 0.
Combining (4.39) with (4.12), we get
γ∂
⋆
f P˜ (I −Q)γ∂P˜ v = γ∂
⋆
f P˜ (P˜
⋆P˜ )−1(∂ρ)∧Sγ∂P˜ v = 0.
Thus,
(4.40) γ(∂ρ)∧∂⋆f P˜ (P˜
⋆P˜ )−1(∂ρ)∧Sγ∂P˜ v = 0.
In view of Theorem 4.9, we see that for every m ≥ mˆ0, m ∈ N, the operator
γ(∂ρ)∧∂⋆f P˜ (P˜
∗P˜ )−1 : C∞m (X, I
0,qT ∗M ′)→ C∞m (X, I0,qT ∗M ′)
is injective. From this observation, (4.12) and (4.40), we conclude that if m ≥ mˆ0, we
have (∂ρ)∧Sγ∂P˜ v = 0 and
(4.41) (I −Q)γ∂P˜ v = (P˜ ⋆P˜ )−1(∂ρ)∧Sγ∂P˜ v = 0.
From (4.37) and (4.41), we deduce that
(4.42) γ∂P˜ v = 0.
From (4.36), (4.38) and (4.42), we deduce that P˜ v ∈ W and hence F is surjective. The
theorem follows. 
In view of Theorem 4.10, the study of the spaceHqm(M) is equivalent to the study of the
space Ker
(q)
β,m. The operator 
(q)
β,m is similar to Kohn Laplacian 
(q)
b,m. The big difference
is that 
(q)
β,m is self-adjoint with respect to [ · | · ], but (q)b,m is self-adjoint with respect to
( · | · )X . In order to apply our analysis about (q)b,m (see [9]), we will introduce another
operator ˆ
(q)
β,m which is similar to 
(q)
β,m but self-adjoint with respect to ( · | · )X .
Let Q˜ : L2(X,T ∗0,qM ′) → L2(0,q)(X) be the orthogonal projection with respect to
( · | · )X . In view of Remark 4.6, we see that the operator Q˜P˜ ⋆P˜ : Ω0,q(X) → Ω0,q(X)
is a classical elliptic pseudodifferential operator of order −1 and invertible and the op-
erator (Q˜P˜ ⋆P˜ )−1 : Ω0,q(X) → Ω0,q(X) is a classical elliptic pseudodifferential operator
of order 1. Let (Q˜P˜ ⋆P˜ )
1
2 : Ω0,q(X) → Ω0,q(X) be the square root of Q˜P˜ ⋆P˜ and let
(Q˜P˜ ⋆P˜ )−
1
2 : Ω0,q(X) → Ω0,q(X) be the square root of (Q˜P˜ ⋆P˜ )−1. Then, (Q˜P˜ ⋆P˜ ) 12 is
a classical elliptic pseudodifferential operator of order −12 and (Q˜P˜ ⋆P˜ )−
1
2 is a classical
elliptic pseudodifferential operator of order 12 . Let
(4.43) ∂ˆβ := (Q˜P˜
⋆P˜ )
1
2 ∂β(Q˜P˜
⋆P˜ )−
1
2 : Ω0,q(X)→ Ω0,q+1(X)
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and let ∂ˆ
⋆
β : Ω
0,q+1(X) → Ω0,q(X) be the formal adjoint of ∂ˆβ with respect to ( · | · )X . By
direct calculation, we can check that
(4.44) ∂ˆ
⋆
β = (Q˜P˜
⋆P˜ )
1
2 ∂
†
β(Q˜P˜
⋆P˜ )−
1
2 .
Moreover, it is easy to see that
T ◦ ∂ˆβ = ∂ˆβ ◦ T on Ω0,q(X),
T ◦ ∂ˆ
⋆
β = ∂ˆ
⋆
β ◦ T on Ω0,q(X).
(4.45)
Set
(4.46) ˆ
(q)
β = ∂ˆ
⋆
β ∂ˆβ + ∂ˆβ ∂ˆ
⋆
β : Ω
0,q(X)→ Ω0,q(X).
From (4.45), we have
(4.47) T ◦ ˆ(q)β = ˆ
(q)
β ◦ T on Ω0,q(X).
We write ˆ
(q)
β,m to denote the restriction of ˆ
(q)
β on Ω
0,q
m (X).
From Theorem 4.7, (4.43) and (4.44), we deduce that
Theorem 4.11. We have ∂ˆβ and ∂ˆ
⋆
β are classical pseudodifferential operators of order 1,
(4.48) ∂ˆβ ◦ ∂ˆβ = 0 on Ω0,q(X)
and
∂ˆβ = ∂b+lower order terms,
∂ˆ
⋆
β = ∂
⋆
b+lower order terms.
(4.49)
Fix m ∈ Z, put Ker ˆ(q)β,m :=
{
u ∈ Ω0,qm (X); ˆ(q)β,mu = 0
}
. It is clear that the map
ψ : Ker
(q)
β,m → Ker ˆ
(q)
β,m,
u 7→ (Q˜P˜ ⋆P˜ ) 12u
(4.50)
is an isomorphism. Hence, Ker ˆ
(q)
β,m
∼= Ker(q)β,m, for every m ∈ Z. From this observation
and Theorem 4.10, we deduce that
Theorem 4.12. There is a m˜0 ∈ N, such that for all m ≥ m˜0, m ∈ N, we have
Hqm(M)
∼= Ker ˆ(q)β,m.
We can apply Kohn’s L2 estimates to ˆ
(q)
β (see [5, Theorem 8.4.2]) and get
Theorem 4.13. For every s ∈ N0, there is a constant Cs > 0 such that
(4.51) ‖u‖s+1,X ≤ Cs
(∥∥∥ˆ(q)β u∥∥∥s,X + ‖Tu‖s,X + ‖u‖X), ∀u ∈ Ω0,q(X),
where ‖·‖s,X denotes the usual Sobolev norm of order s on X.
We need
Lemma 4.14. Let P : Ω0,q(X)→ Ω0,q(X) be a classical pseudodifferential operator of order
one. For every k ∈ N, we have
(4.52) (ˆ
(q)
β )
k ◦ P =
k+1∑
j=1
Tj ◦ (ˆ(q)β )k+1−j,
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where Tj : Ω
0,q(X) → Ω0,q(X) is a classical pseudodifferential operator of order j, j =
1, 2, . . . , k + 1.
Proof. We have ˆ
(q)
β ◦ P = P ◦ ˆ
(q)
β + [P, ˆ
(q)
β ]. Since the principal symbol of ˆ
(q)
β is scale,
[P, ˆ
(q)
β ] : Ω
0,q(X) → Ω0,q(X) is a pseudodifferential operator of order 2. Thus, (4.52)
holds for k = 1. Assume that (4.52) holds for k0 ∈ N. We want to show that (4.52) holds
for k0 + 1. By induction assumption, we have
(4.53) (ˆ
(q)
β )
k0 ◦ P =
k0+1∑
j=1
Tj ◦ (ˆ(q)β )k0+1−j,
where Tj : Ω
0,q(X) → Ω0,q(X) is a classical pseudodifferential operator of order j. From
(4.53), we have
(ˆ
(q)
β )
k0+1 ◦ P = (ˆ(q)β )◦
( k0+1∑
j=1
Tj ◦ (ˆ(q)β )k+1−j)
=
k0+1∑
j=1
Tj ◦ (ˆ(q)β )k0+2−j +
k0+1∑
j=1
[ˆ
(q)
β , Tj ] ◦ (ˆ(q)β )k0+1−j
= T1 ◦ (ˆ(q)β )k0+1 +
k0+1∑
j=2
(
Tj + [ˆ
(q)
β , Tj−1]
)
◦ (ˆ(q)β )k0+2−j + [ˆ(q)β , Tk0+1].
(4.54)
Note that Tj + [ˆ
(q)
β , Tj−1] : Ω
0,q(X) → Ω0,q(X) is a classical pseudodifferential operator
of order j. From this observation and (4.54), we get (4.52) for k = k0 + 1. By induction
assumption, (4.52) follows. 
We can now prove
Theorem 4.15. Fix m ∈ Z. For every k ∈ N, there is a constant Ck > 0 independent of m
such that
(4.55)
∥∥∥∥( 1m(q)b )ku
∥∥∥∥
X
≤ Ck
( k∑
ℓ=0
∥∥∥∥( 1mˆ(q)β )ℓu
∥∥∥∥
X
)
, ∀u ∈ Ω0,qm (X).
Proof. We have
(4.56) 
(q)
b = ˆ
(q)
β + P,
where P : Ω0,q(X)→ Ω0,q(X) is a classical pseudodifferential operator of order one. From
(4.56) and (4.51), for u ∈ Ω0,qm (X), we have∥∥∥∥( 1m(q)b )u
∥∥∥∥
X
≤
∥∥∥∥( 1mˆ(q)β )u
∥∥∥∥
X
+
1
m
‖Pu‖X
≤ C1
(∥∥∥∥( 1mˆ(q)β )u
∥∥∥∥
X
+
1
m
‖u‖1,X
)
≤ C2
(∥∥∥∥( 1mˆ(q)β )u
∥∥∥∥
X
+
1
m
‖Tu‖X +
1
m
‖u‖X
)
≤ C3
(∥∥∥∥( 1mˆ(q)β )u
∥∥∥∥
X
+ ‖u‖X
)
,
(4.57)
where C1 > 0, C2 > 0, C3 > 0 are constants independent of m and u. From (4.57), we
see that (4.55) holds for k = 1. We assume that (4.55) holds for k = k0 ∈ N. We are going
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to prove that (4.55) holds for k = k0 + 1. Fix u ∈ Ω0,qm (X). By induction assumption, we
have
(4.58)
∥∥∥∥( 1m(q)b )k0+1u
∥∥∥∥
X
≤ C
( k0∑
ℓ=0
∥∥∥∥( 1mˆ(q)β )ℓ( 1m(q)b u)
∥∥∥∥
X
)
,
where C > 0 is a constant independent of m and u. Fix ℓ ∈ {0, 1, . . . , k0}. From (4.52)
and (4.56), we have
(
1
m
ˆ
(q)
β )
ℓ(
1
m

(q)
b u) =
1
mℓ+1
(ˆ
(q)
β )
ℓ(ˆ
(q)
β + P )u
=
1
mℓ+1
(ˆ
(q)
β )
ℓ+1u+
1
mℓ+1
ℓ+1∑
j=1
Tj ◦ (ˆ(q)β )ℓ+1−ju,
(4.59)
where Tj : Ω
0,q(X) → Ω0,q(X) is a classical pseudodifferential operator of order j, j =
1, . . . , ℓ+ 1. From (4.51), for every j = 1, . . . , ℓ+ 1, we have
∥∥∥Tj ◦ (ˆ(q)β )ℓ+1−ju∥∥∥
X
≤ C1
∥∥∥(ˆ(q)β )ℓ+1−ju∥∥∥
j,X
≤ C2
( ∥∥∥(ˆ(q)β )ℓ+2−ju∥∥∥
j−1,X
+m
∥∥∥(ˆ(q)β )ℓ+1−ju∥∥∥
j−1,X
)
≤ C3
( ∥∥∥(ˆ(q)β )ℓ+3−ju∥∥∥
j−2,X
+m
∥∥∥(ˆ(q)β )ℓ+2−ju∥∥∥
j−2,X
+m2
∥∥∥(ˆ(q)β )ℓ+1−ju∥∥∥
j−2,X
)
≤ C4
( ℓ+1∑
k=j
mk
∥∥∥(ˆ(q)β )ℓ+1−ku∥∥∥
X
)
,
(4.60)
where C1 > 0, C2 > 0, C3 > 0, C4 > 0 are constants independent ofm and u. From (4.59)
and (4.60), we get (4.55) for k = k0 + 1. The theorem follows. 
We need
Theorem 4.16. Fix m ∈ Z. For every k ∈ N, there is a constant Cˆk > 0 independent of m
such that
(4.61)∥∥∥∥( 1m(q)b )ku
∥∥∥∥2
X
≤ Cˆk
( 2k−1∑
ℓ=0
∥∥∥∥( 1mˆ(q)β )ℓu
∥∥∥∥
X
)( ∥∥∥∥( 1mˆ(q)β )u
∥∥∥∥
X
+
1√
m
‖u‖X
)
, ∀u ∈ Ω0,qm (X).
Proof. We first claim that there is a constant C > 0 independent of m such that
(4.62)
∥∥∥∥( 1m(q)b )u
∥∥∥∥
X
≤ C
(∥∥∥∥( 1mˆ(q)β )u
∥∥∥∥
X
+
1√
m
‖u‖X
)
, ∀u ∈ Ω0,qm (X).
From (4.48), we have ∂b = ∂ˆβ + r
(q)
1 : Ω
0,q(X) → Ω0,q+1(X), ∂⋆b = ∂ˆ
⋆
β + r
(q+1)
2 :
Ω0,q+1(X) → Ω0,q(X), where r(q)1 and r(q+1)2 are psudodifferential operators of order 0.
We have

(q)
b = ∂b ∂
⋆
b + ∂
⋆
b ∂b = (∂ˆβ + r
(q−1)
1 )(∂ˆ
⋆
β + r
(q)
2 ) + (∂ˆ
⋆
β + r
(q+1)
2 )(∂ˆβ + r
(q)
1 )
= ˆ
(q)
β + r
(q−1)
1 ◦ ∂ˆ
⋆
β + ∂ˆβ ◦ r(q)2 + r(q+1)2 ◦ ∂ˆβ + ∂ˆ
⋆
β ◦ r(q)1 + r(q+1)2 ◦ r(q)1 + r(q−1)1 ◦ r(q)2 .
(4.63)
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Let u ∈ Ω0,qm (X). It is not difficult to check that∥∥∥(r(q−1)1 ◦ ∂ˆ⋆β)u∥∥∥2
X
+
∥∥∥(r(q+1)2 ◦ ∂ˆβ)u∥∥∥2
X
+
∥∥∥(r(q+1)2 ◦ r(q)1 + r(q−1)1 ◦ r(q)2 )u∥∥∥2
X
≤ C
(∥∥∥∂ˆ⋆βu∥∥∥2
X
+
∥∥∥∂ˆβu∥∥∥2
X
+
∥∥u2∥∥
X
)
≤ C1
( ∥∥∥ˆ(q)β u∥∥∥2
X
+ ‖u‖2X
)
,
(4.64)
where C > 0, C1 > 0 are constants independent of m and u. We have∥∥∥(∂ˆβ ◦ r(q)2 )u∥∥∥2
X
≤
∥∥∥(∂ˆβ ◦ r(q)2 )u∥∥∥2
X
+
∥∥∥(∂ˆ⋆β ◦ r(q)2 )u∥∥∥2
X
≤ ( (ˆ(q−1)β ◦ r(q)2 )u | r(q)2 u )X .
(4.65)
Now,
( (ˆ
(q−1)
β ◦ r
(q)
2 )u | r(q)2 u )X
= ( (r
(q)
2 ◦ ˆ(q)β )u | r(q)2 u )X + ((ˆ(q−1)β ◦ r(q)2 − r(q)2 ◦ ˆ(q)β )u | r(q)2 u )X .
(4.66)
Since the principal symbol of ˆ
(q)
β is scale, we deduce that the operator
ˆ
(q−1)
β ◦ r(q)2 − r(q)2 ◦ ˆ(q)β : Ω0,q(X)→ Ω0,q−1(X)
is a pseudodifferential operator of order 1. From this observation, (4.65), (4.66) and
(4.51), we have∥∥∥(∂ˆβ ◦ r(q)2 )u∥∥∥2
X
≤ C
(∥∥∥ˆ(q)β u∥∥∥2
X
+ ‖u‖2X + ‖u‖1,X ‖u‖X
)
≤ C1
( ∥∥∥ˆ(q)β u∥∥∥2
X
+ ‖u‖2X + ‖Tu‖X ‖u‖X
)
≤ C2
( ∥∥∥ˆ(q)β u∥∥∥2
X
+ ‖u‖2X +m ‖u‖2X
)
,
(4.67)
where C > 0, C1 > 0 and C2 > 0 are constants independent of m and u. We can repeat
the procedure (4.67) with minor change and get
(4.68)
∥∥∥(∂ˆ⋆β ◦ r(q)1 )u∥∥∥2
X
≤ C0
( ∥∥∥ˆ(q)β u∥∥∥2
X
+ ‖u‖2X +m ‖u‖2X
)
,
where C0 > 0 is a constant independent of m and u. From (4.63), (4.64), (4.67) and
(4.68), we get (4.62).
From (4.55), (4.62), for u ∈ Ω0,qm (X), we have∥∥∥∥( 1m(q)b )ku
∥∥∥∥2
X
= ( (
1
m

(q)
b )
ku | ( 1
m

(q)
b )
ku )X
= ( (
1
m

(q)
b )
2k−1u | ( 1
m

(q)
b )u )X
≤
∥∥∥∥( 1m(q)b )2k−1u
∥∥∥∥
X
∥∥∥∥( 1m(q)b )u
∥∥∥∥
≤ Cˆk
( 2k−1∑
ℓ=0
∥∥∥∥( 1mˆ(q)β )ℓ)u
∥∥∥∥
X
)( ∥∥∥∥( 1mˆ(q)β )u
∥∥∥∥
X
+
1√
m
‖u‖X
)
,
where Cˆk > 0 is a constant independent of m and u. We get (4.61). 
We can repeat the proof of Theorem 4.16 and deduce
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Theorem 4.17. Fix m ∈ Z. For every k ∈ N, there is a constant C˜k > 0 independent of m
such that
(4.69)∥∥∥∥( 1mˆ(q)β )ku
∥∥∥∥2
X
≤ C˜k
( 2k−1∑
ℓ=0
∥∥∥∥( 1m(q)b )ℓu
∥∥∥∥
X
)( ∥∥∥∥( 1m(q)b )u
∥∥∥∥
X
+
1√
m
‖u‖X
)
, ∀u ∈ Ω0,qm (X).
5. INDEX THEOREM
Fix m ∈ Z. Let ∂ˆβ : Ω0,qm (X) → Ω0,q+1m (X) be the operator given by (4.43). Since
∂ˆ
2
β = 0, we have ∂ˆβ-complex:
(5.1) · ·· → Ω0,q−1m (X)
∂ˆβ−→ Ω0,qm (X)
∂ˆβ−→ Ω0,q+1m (X)→ · · ·
The m-th Fourier component of ∂ˆβ-cohomology group is given by
(5.2) Hˆqβ,m(X) :=
Ker ∂ˆβ : Ω
0,q
m (X)→ Ω0,q+1m (X)
Im ∂ˆβ : Ω
0,q−1
m (X)→ Ω0,qm (X)
.
We can repeat the proof of Theorem 3.7 in [4] and deduce that
(5.3) Hˆqβ,m(X)
∼= Ker ˆ(q)β,m, ∀q = 0, 1, . . . , n− 1, ∀m ∈ Z.
Let ∂b : Ω
0,q
m (X) → Ω0,q+1m (X) be the tangential Cauchy-Riemann operator. We have
∂b-complex:
(5.4) · ·· → Ω0,q−1m (X)
∂b−→ Ω0,qm (X)
∂b−→ Ω0,q+1m (X)→ · · ·
The m-th Fourier component of Kohn-Rossi cohomology group is given by
(5.5) Hqb,m(X) :=
Ker ∂b : Ω
0,q
m (X)→ Ω0,q+1m (X)
Im ∂b : Ω
0,q−1
m (X)→ Ω0,qm (X)
.
From (4.49), we know that ∂ˆβ = ∂b+lower order terms. Since the index is homotopy
invariant (see Theorem 4.7 in [4]), we deduce that
(5.6)
n−1∑
j=0
(−1)jdimHjb,m(X) =
n−1∑
j=0
(−1)jdim Hˆjβ,m(X), ∀m ∈ Z.
From (5.6), (5.3) and Theorem 4.12, we concede that for m≫ 1, we have
(5.7)
n−1∑
j=0
(−1)jdimHjm(M) =
n−1∑
j=0
(−1)jdimHjb,m(X).
The formula
∑n−1
j=0 (−1)jdimHjb,m(X) was obtained by [4]. To state the results, we intro-
duce some notations.
Definition 5.1. Let D ⊂ X be an open set and u ∈ C∞(D). We say that u is rigid if Tu = 0,
u is Cauchy-Riemann (CR for short) if ∂bu = 0 and u is a rigid CR function if ∂bu = 0 and
Tu = 0.
Definition 5.2. Let F be a complex vector bundle of rank r over X. We say that F is rigid
(resp. CR) if X can be covered by open subsets Uj with trivializing frames {f1j , f2j , . . . , f rj }
such that the corresponding transition functions are rigid (resp. CR) (in the sense of the
preceding definition). In this case the frames {f1j , f2j , . . . , f rj }are called rigid frames (resp.
CR frames).
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For r = 0, 1, 2, . . . , 2n− 2, put Ωr0(X) = {u ∈ ⊕p+q=rΩp,q(X); Tu = 0} and set Ω•0(X) =
⊕2n−2r=0 Ωr0(X). Since Td = dT , we have d-complex:
d : · · · → Ωr−10 (X)→ Ωr0(X)→ Ωr+10 (X)→ · · ·
Define the r-th tangential de Rham cohomology group:
Hrb,0(X) :=
Ker d : Ωr0(X)→ Ωr+10 (X)
Im d : Ωr−10 (X)→ Ωr0(X)
.
Put H•b,0(X) = ⊕2n−2r=0 Hrb,0(X).
Let a complex vector bundle F over X of rank r be rigid as in Definition 5.2. It was
shown in [4, Theorem 2.12] that there exists a connection ∇ on F such that for any
rigid local frame f = (f1, f2, . . . , fr) of F on an open set D ⊂ X, the connection matrix
θ(∇, f) = (θj,k)rj,k=1 satisfies
θj,k ∈ Ω10(D),
for j, k = 1, . . . , r. We call ∇ as such a rigid connection on F . Let
Θ(∇, F ) ∈ C∞(X,Λ2(CT ∗X)⊗ End (F ))
be the associated tangential curvature.
Let h(z) =
∑∞
j=0 ajz
j be a real power series on z ∈ C. Set
H(Θ(∇, F )) = Tr
(
h
( i
2π
Θ(∇, F ))).
It is clear that H(Θ(∇, F )) ∈ Ω∗0(X) and is known that H(Θ(∇, F )) ∈ Ω∗0(X) is a closed
differential form and the tangential de Rham cohomology class
[H(Θ(∇, F ))] ∈ H•b,0(X)
does not depend on the choice of rigid connections∇, cf. [4, Theorem 2.6, Theorem 2.7].
For h(z) = ez put
(5.8) chb (∇, F ) := H(Θ(∇, F )) ∈ Ω•0(X),
and for h(z) = log( z
1−e−z ) set
(5.9) Tdb (∇, F ) := eH(Θ(∇,F )) ∈ Ω•0(X).
We can now introduce tangential Todd class and tangential Chern character.
Definition 5.3. The tangential Chern character of F is given by
chb (F ) := [chb (∇, F )] ∈ H•b,0(X)
and the tangential Todd class of F is given by
Tdb (F ) = [Tdb (∇, F )] ∈ H•b,0(X).
Baouendi-Rothschild-Treves [1] proved that T 1,0X is a rigid complex vector bundle over
X. The tangential Todd class of T 1,0X is thus well defined.
In [4], it was shown that for every m ∈ Z,
(5.10)
n−1∑
j=0
(−1)jdimHqb,m(X) =
1
2π
∫
X
Tdb (T
1,0X) ∧ e−m dω02π ∧ (−ω0).
From (5.10) and (5.7), Theorem 1.3 follows.
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6. THE SCALING TECHNIQUE
In this section, we will recall the scaling technique used in [9, Section 1.4]. We need
the following result due to Baouendi-Rothschild-Treves [1].
Theorem 6.1. For every point x0 ∈ X, we can find local coordinates x = (x1, · · · , x2n−1) =
(z, θ) = (z1, · · · , zn−1, θ), zj = x2j−1 + ix2j , j = 1, · · · , n − 1, x2n−1 = θ, defined in some
small neighborhoodD = {(z, θ) ∈ Cn−1×R; |z| < δ,−ε0 < θ < ε0} of x0, δ > 0, 0 < ε0 < π,
such that (z(x0), θ(x0)) = (0, 0) and
T =
∂
∂θ
,
Zj =
∂
∂zj
+ i
∂ϕ
∂zj
(z)
∂
∂θ
, j = 1, · · · , n− 1,
(6.1)
where Zj(x), j = 1, · · · , n− 1, form a basis of T 1,0x X, for each x ∈ D and ϕ(z) ∈ C∞(D,R)
independent of θ. We call (D,x = (z, θ), ϕ) BRT trivialization and we call x = (z, θ) canonical
coordinates.
Remark 6.2. It is well-known that (see Lemma 1.17 in [9]) if x0 ∈ Xreg , the canonical
coordinates (z, θ) introduced in Theorem 6.1 can be defined onD = {(z, θ) ∈ Cn−1×R; |z| <
δ,−π < θ < π}, for some δ > 0. Recall that Xreg is given by (1.4).
Now, we fix x0 ∈ X. Let (D,x = (z, θ), ϕ) be a BRT trivialization such that x(x0) = 0,
where D = {(z, θ) ∈ Cn−1 × R; |z| < δ,−ε0 < θ < ε0}, δ > 0, 0 < ε0 < π. It is easy to see
that we can take ϕ and (z, θ) so that
ϕ(z) =
n−1∑
j=1
λj|zj |2 +O(|z|3), ∀(z, θ) ∈ D,
〈 ∂
∂zj
| ∂
∂zk
〉 = δj,k +O(|z|), j, k = 1, . . . , n− 1, ∀(z, θ) ∈ D,
(6.2)
where {λj}n−1j=1 are the eigenvalues of Lx0 with respect to the given S1-invariant Hermitian
metric 〈 · | · 〉 on X. Then the volume form with respect to the S1-invariant Hermitian
metric 〈 · | · 〉 on X is dvX = λ(z)dv(z)dθ where λ(z) is a positive smooth function on D
and dv(z) = 2n−1dx1 ∧ · · · ∧ dx2n−2. Let {ej(z)}n−1j=1 be an orthonormal frame of T ∗0,1X
over D such that
(6.3) ej(z) = dzj +O(|z|), j = 1, . . . , n− 1,
and let {Lj}n−1j=1 ⊂ T 0,1X be the dual frame of {ej(z)}n−1j=1 . Thus
Lj(z) =
∂
∂zj
+O(|z|), j = 1, . . . , n − 1.
We will always identify D with an open subset of Cn−1 ×R. Put D˜ = {z ∈ Cn−1; |z| < δ}.
Then ϕ(z) can be treated as a real smooth function on D˜. Let Ω0,q(D˜) be the space of
smooth (0, q) forms on D˜ and let Ω0,q0 (D˜) be the subspace of Ω
0,q(D˜) whose elements have
compact support in D˜.
For r > 0, let D˜r = {z ∈ Cn−1; |z| < r}. Here |z| < r means that |zj | < r,∀j =
1, · · · , n − 1. For m ∈ N, let Fm be the scaling map: Fm(z) = ( z1√m , . . . ,
zn−1√
m
), z ∈ D˜logm.
From now on, we assume m is sufficiently large such that Fm(D˜logm) ⋐ D˜. We define the
scaled bundle F ∗mT ∗0,qD˜ on D˜logm to be the bundle whose fiber at z ∈ D˜logm is
(6.4) F ∗mT
∗0,qD˜|z =
{∑′
|J |=q aJe
J
(
z√
m
)
; aJ ∈ C, |J | = q, J strictly increasing
}
,
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where for multiindex J = (j1, . . . , jq), e
J := ej1 ∧ ej2 ∧ · · · ∧ ejq . We take a Hermitian
metric 〈 · | · 〉F ∗m on F ∗mT ∗0,qD˜ so that at each point z ∈ D˜logm,
(6.5)
{
eJ
(
z√
m
)
; |J | = q, J strictly increasing
}
is an orthonormal frame for F ∗mT ∗0,qD˜ on D˜logm. Let F ∗mΩ0,q(D˜r) denote the space of
smooth sections of F ∗mT ∗0,qD˜ over D˜r and let F ∗mΩ
0,q
0 (D˜r) be the subspace of F
∗
mΩ
0,q(D˜r)
whose elements have compact support in D˜r. Here r < logm. Given f ∈ Ω0,q(D˜). We
write f =
∑′
|J |=q fJe
J , where
∑′
means that the summation is performed only over
strictly increasing multiindices. We define the scaled form F ∗mf ∈ F ∗mΩ0,q(D˜logm) by
(6.6) F ∗mf =
∑′
|J |=q fJ
(
z√
m
)
eJ
(
z√
m
)
, z ∈ D˜logm.
For brevity, we denote F ∗mf by f(
z√
m
).
Let ∂ : Ω0,q(D˜) → Ω0,q+1(D˜) be the Cauchy-Riemmann operator. Then there exists a
scaled differential operator ∂(m) : F
∗
mΩ
0,q(D˜logm)→ F ∗mΩ0,q+1(D˜logm) such that
(6.7) ∂(m)F
∗
mf =
1√
m
F ∗m(∂f), ∀f ∈ Ω0,q(Fm(D˜logm)).
Let ( · | · )2mF ∗mϕ be the weighted inner product on the space F ∗mΩ0,q0 (D˜logm) defined as
follows
(6.8) ( f | g )2mF ∗mϕ =
∫
D˜logm
〈 f | g 〉F ∗me−2mF
∗
mϕλ(
z√
m
)dv(z).
Let ∂
⋆
(m) : F
∗
mΩ
0,q+1(D˜logm) → F ∗mΩ0,q(D˜logm) be the formal adjoint of ∂(m) with respect
to ( · | · )2mF ∗mϕ. We now define the scaled complex Laplacian 
(q)
(m) : F
∗
mΩ
0,q(D˜logm) →
F ∗mΩ0,q(D˜logm) which is given by 
(q)
(m) = ∂
⋆
(m)∂(m) + ∂(m)∂
⋆
(m). We have the Ga˚rding’s
inequality as follows.
Proposition 6.3. For every r > 0 with D˜2r ⊂ D˜logm and s ∈ N0, there is a constant Cr,s > 0
independent of m and the point x0 such that
(6.9) ‖u‖2
2mF ∗mϕ,s+2,D˜r
≤ Cs,r
(
‖u‖2
2mF ∗mϕ,0,D˜2r
+ ‖(q)(m)u‖22mF ∗mϕ,s,D˜2r
)
for all u ∈ F ∗mΩ0,q(D˜logm), where ‖u‖2mF ∗mϕ,s,D˜r is the weighted Sobolev norm of order s
with respect to the weight function 2mF ∗mϕ which is given by
(6.10) ‖u‖2
2mF ∗mϕ,s,D˜r
=
∑′
α∈N2n−20 ,|α|≤s,|J |=q
∫
D˜r
|∂αxuJ |2e−2mF
∗
mϕλ(
z√
m
)dv(z),
where u =
∑′
|J |=q uJe
J ( z√
m
) ∈ F ∗mΩ0,q(D˜logm).
For p ∈ X, let detLp = µ1 · · ·µn−1, where µj, j = 1, . . . , n−1, are the eigenvalues of Lp
with respect to 〈 · | · 〉. The following is essentially well-known (see the proof of Theorem
2.1 in [9])
Theorem 6.4. Let
hm =
∑′
|J |=q
hm,J(z)e
J (
z√
m
) ∈ F ∗mΩ0,q(D˜logm)
with ‖hm‖2mF ∗mϕ,0,D˜logm ≤ 1, m = 1, 2, 3, . . .. Assume that
lim
m→+∞
∥∥∥(q)(m)hm∥∥∥2mF ∗mϕ,0,D˜logm = 0
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and for every k ∈ N, there is a constant Ck > 0 independent of m such that∥∥∥((q)(m))khm∥∥∥2mF ∗mϕ,0,D˜logm ≤ Ck, ∀m = 1, 2, 3, . . . .
Then, for every strictly increasing multiindex J , |J | = q, we have
lim sup
m→+∞
|hm,J(0)|2 ≤ 1
πn−1
1X(q)(x0)|detLx0 |δ−(J),
where δ−(J) = 1 if λj < 0, for every j ∈ J and δ−(J) = 0 otherwise. Here λj , j =
1, . . . , n − 1, are the eigenvalues of Lx0 with respect to 〈 · | · 〉. Recall that X(q) is given by
(1.13).
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In this section, we will prove Theorem 1.4. In view of Theorem 4.12, we know that
there is a mˆ0 > 0 such that for allm ≥ mˆ0, Ker ˆ(q)β,m ∼= Hq(M). From now on, we assume
that m ≥ mˆ0.
Let {f1, ..., fdm} be an orthonormal basis of Ker ˆ(q)β,m. Set Πˆ(q)β,m(x) =
∑dm
j=1 |fj(x)|2.
Then
(7.1) dimHq(M) = dimKer ˆ
(q)
β,m =
∫
X
Πˆ
(q)
β,m(x)dvX .
Now, fix x0 ∈ X and let (D,x = (z, θ), ϕ) be a BRT trivialization such that x(x0) = 0,
where
(7.2) D = {(z, θ) ∈ Cn−1 × R; |z| < δ,−ε0 < θ < ε0}, δ > 0, 0 < ε0 ≤ π.
We take ϕ and z so that (6.2) hold. Let {ej(z)}n−1j=1 be an orthonormal frame of T ∗0,1X
over D such that (6.3) hold. We will use the same notations as in Section 6. For any
α ∈ Ker ˆ(q)β,m, put α =
∑′
|J |=q αJe
J . For any strictly multiindex J , |J | = q, put
(7.3) S
(q)
m,J(x) = sup
α∈ker ˆ(q)
β,m
,‖α‖X=1
|αJ |2.
The following is well-known (see Lemma 2.1 in [10] )
Lemma 7.1. We have Πˆ
(q)
β,m(x0) =
∑′
|J |=q S
(q)
m,J(x0).
We can now prove
Theorem 7.2. There exists a constant C > 0 independent of x0 and m such that
(7.4) m−(n−1)Πˆ(q)β,m(x0) ≤ C.
If x0 ∈ Xreg , we have
(7.5) lim sup
m→∞
m−(n−1)Πˆ(q)β,m(x0) ≤
1
2πn
|detLx0 |· 1X(q)(x0),
where Xreg is given by (1.4).
Proof. Let u ∈ Ker ˆ(q)β,m with ‖u‖X = 1. On D, write u(z, θ) = uˆ(z)eimθ , uˆ(z) ∈ Ω0,q(D˜),
where D˜ =
{
z ∈ Cn−1; |z| < δ}. Put
v(z) = uˆ(z)emϕ,
v(m) = m−
n−1
2 v(
z√
m
).
(7.6)
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It is easy to see that
(7.7)
∥∥∥v(m)∥∥∥2
2mF ∗mϕ,0,D˜logm
≤ 1
2δ
,
where δ > 0 is as in (7.2). For every k ∈ N, put
(7.8) gk,m(z) := e
−imθemϕ(z)(
1
m

(q)
b,m)
ku ∈ Ω0,q(D˜).
From Lemma 2.11 in [9], it is not difficult to see that for every k ∈ N, we have
(7.9) (
(q)
(m))
kv(m) = m−
n−1
2 gk,m(
z√
m
).
From (7.9), it is straightforward to see that for every k ∈ N, we have
(7.10)
∥∥∥((q)(m))kv(m)∥∥∥22mF ∗mϕ,0,D˜logm ≤ 12δ
∥∥∥∥( 1m(q)b,m)ku
∥∥∥∥2
X
.
From (7.10), (4.61) and note that ˆ
(q)
β u = 0, we deduce that there is a constant Ck > 0
independent of m, u and the point x0 such that
(7.11)
∥∥∥((q)(m))kv(m)∥∥∥2mF ∗mϕ,0,D˜logm ≤ Ck.
Fix r, r′ < logm. Then by Proposition 6.3, (7.7) and (7.11), we have
‖v(m)‖2mF ⋆mϕ,s+2,Dr ≤ Cr,s
(‖(q)(m)v(m)‖2mF ⋆mϕ,s,Dr′ + ‖v(m)‖2mF ⋆mϕ,0,Dr′)
≤ Cr,s
s∑
j=0
‖((q)(m))jv(m)‖2mF ⋆mϕ,0,Dr′
≤ C˜r,s,
(7.12)
where Cr,s > 0 and C˜r,s > 0 are constants independent of m, u and the point x0. From
(7.12) and by Sobolev embedding theorem, we have
(7.13) m−(n−1)|u(0)|2 =
∣∣∣v(m)(0)∣∣∣2 ≤ ‖v(m)‖2mF ⋆mϕ,n+2,Dr ≤ Cˆ
where Cˆ > 0 is a constant independent of m, u and the point x0. From (7.13) and
Lemma 7.1, we get the conclusion of the first part of the theorem.
Fix J0 with |J0| = q, J0 = {j1, ..., jq}, j1 < · · · < jq. By definition, there is a sequence
umℓ =
∑′
|J |=q
umℓ,Je
J ∈ Ker ˆ(q)β,m
with ‖umℓ‖X = 1, mˆ0 ≤ m1 < m2 < · · · , such that
(7.14) lim sup
m→∞
m−(n−1)S(q)m,J0(x0) = limℓ→∞
m
−(n−1)
ℓ |umℓ,J0(x0)|2.
On D, write umℓ(z, θ) = uˆmℓ(z)e
imℓθ =
∑′
|J |=q e
imℓθuˆmℓ,Je
J , uˆmℓ(z) ∈ Ω0,q(D˜). Put
vmℓ(z) = uˆmℓ(z)e
mℓϕ =
∑′
|J |=q
vmℓ,Je
J ,
v(mℓ) = m
−n−1
2
ℓ vmℓ(
z√
mℓ
) =
∑′
|J |=q
m
−n−1
2
ℓ vmℓ,J(
z√
mℓ
)eJ(
z√
mℓ
)
=
∑′
|J |=q
v
(mℓ)
J (z)e
J (
z√
mℓ
).
(7.15)
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Assume that x0 ∈ Xreg . In view of Remark 6.2, we can take δ > 0 in (7.2) to be π and we
have
(7.16)
∥∥∥v(mℓ)∥∥∥2
2mℓF ∗mℓ
ϕ,0,D˜logmℓ
≤ 1
2π
.
As (7.10), for every k ∈ N, we have
(7.17)
∥∥∥((q)(mℓ))kv(mℓ)∥∥∥2mℓF ∗mℓϕ,0,D˜logmℓ ≤
∥∥∥∥( 1mℓ(q)b,mℓ)kumℓ
∥∥∥∥
X
, ∀mℓ.
From (7.17), (4.61) and note that ˆ
(q)
β umℓ = 0, we have
(7.18) lim
ℓ→+∞
∥∥∥(q)(mℓ)v(mℓ)∥∥∥2mℓF ∗mℓϕ,0,D˜logmℓ = 0,
and for every k ∈ N, there is a constant Ck > 0 independent of mℓ such that
(7.19)
∥∥∥(q)(mℓ)v(mℓ)∥∥∥2mℓF ∗mℓϕ,0,D˜logmℓ ≤ Ck, ∀mℓ.
From (7.16), (7.18), (7.19) and Theorem 6.4, we deduce that
(7.20) lim sup
m→∞
m−(n−1)S(q)m,J0(x0) = limℓ→+∞
∣∣∣v(mℓ)J0 (x0)∣∣∣2 ≤ 12πn 1X(q)(x0)|detLx0 |δ−(J).
From (7.20) and Lemma 7.1, we deduce that
lim sup
m→∞
m−(n−1)Πˆ(q)β,m(x0)
≤
∑′
|J |=q
lim sup
m→∞
m−(n−1)S(q)m,J(x0)
≤
∑′
|J |=q
1
2πn
1X(q)(x0)|detLx0 |δ−(J)
≤ 1
2πn
1X(q)(x0)|detLx0 |.
(7.21)
From (7.21), we get (7.5). 
From Theorem 7.2, we get
Theorem 7.3. There exists a constant C > 0 such that
(7.22) m−(n−1)Πˆ(q)β,m(x) ≤ C,∀x ∈ X.
Moreover, ∀x ∈ Xreg,
(7.23) lim sup
m→∞
m−(n−1)Πˆ(q)β,m(x) ≤
1
2πn
|detLx|· 1X(q)(x).
From Theorem 7.3, (7.1) and Fatou’s Lemma, we get weak Morse inequalities (1.15).
In the rest of this section, we will prove (1.16) and complete the proof of Theorem 1.4.
We first introduce some notations. For every m ∈ Z, we extend ˆ(q)β,m to L2(0,q),m(X) by
(7.24) ˆ
(q)
β,m : Domˆ
(q)
β,m ⊂ L2(0,q),m(X)→ L2(0,q),m(X),
where Dom
(q)
β,m = {u ∈ L2(0,q),m(X); ˆ
(q)
β,mu ∈ L2(0,q),m(X) in the sense of distribution}.
The following is well-known (see Section 3 in [4])
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Theorem 7.4. Fix m ∈ Z. Then, ˆ(q)β,m : Dom ˆ
(q)
β,m ⊂ L2(0,q),m(X) → L2(0,q),m(X) is a self-
adjoint operator, the spectrum of ˆ
(q)
β,m denoted by Spec ˆ
(q)
β,m is a discrete subset of [0,∞).
For every λ ∈ Spec ˆ(q)β,m, λ is an eigenvalue of ˆ(q)β,m and the eigenspace respect to λ
(7.25) Hˆqβ,m,λ(X) =
{
u ∈ Dom ˆ(q)β,m; ˆ(q)β,mu = λu
}
is finite dimensional with Hˆ
q
β,m,λ(X) ⊂ Ω0,qm (X).
For every λ > 0, put Hˆqβ,m,≤λ(X) := ⊕µ∈Spec ˆ(q)
β,m
,0≤µ≤λHˆ
q
β,m,µ(X). Let {g1, ..., gam}
be an orthonormal basis of Hˆqβ,m,≤λ(X). Set Πˆ
(q)
β,m,≤λ(x) =
∑am
j=1 |gj(x)|2. We are go-
ing to get asymptotic leading term for Πˆ
(q)
β,m,≤mνm(x), where νm is some sequence with
limm→+∞ νm = 0. We need the following which is well-known (see the proof of Proposi-
tion 2.13 in [9]).
Proposition 7.5. For any x0 ∈ X(q)∩Xreg, there exists a sequence αm ∈ Ω0,qm (X) such that
(a) lim
m→∞m
−(n−1)|αm(x0)|2 = 12πn |detLx0 |.
(b) limm→∞ ‖αm‖2X = 1.
(c) limm→∞
∥∥∥∥(m−1(q)b,m)k αm∥∥∥∥
X
= 0,∀k ∈ N.
(d) There exists a sequence δm independent of x0 with δm → 0 such that∥∥∥m−1(q)b,mαm∥∥∥
X
≤ δm.
From Proposition 7.5 and (4.69), we get
Proposition 7.6. For any x0 ∈ X(q) ∩Xreg, let αm be given as in Proposition 7.5. Then
(a) limm→∞
∥∥∥∥(m−1ˆ(q)β,m)k αm∥∥∥∥
X
= 0,∀k ∈ N.
(b) There exists a sequence δ˜m independent of x0 with δ˜m → 0 such that(
m−1ˆ(q)β,mαm
∣∣αm)
X
≤ δ˜m.
Now we are in a position to prove the following local strong Morse inequalities.
Theorem 7.7. For any sequence νm > 0 with νm → 0 as m → +∞, there exists a constant
C > 0 independent of m and x ∈ X such that
(7.26) m−(n−1)Πˆqβ,m,≤mνm(x) ≤ C, ∀m ∈ N, ∀x ∈ X.
Moreover, there is a sequence δ˜m > 0 with δ˜m → 0 as m→∞, such that for any sequence
νm > 0 with limm→+∞ νm = 0 and lim
m→+∞
δ˜m
νm
= 0, we have
(7.27) lim
m→+∞m
−(n−1)Πˆqβ,m,≤mνm(x) =
1
2πn
|detLx| · 1X(q)(x), ∀x ∈ X reg.
Proof. The proof of (7.26) is essentially the same as the proof of (7.22). We only need to
prove (7.27). Fix x0 ∈ Xreg . We can repeat the proof of (7.5) with minor change and get
that for any sequence νm > 0 with νm → 0 as m→ +∞, we have
(7.28) lim sup
m→∞
m−(n−1)Πˆ(q)β,m,≤mνm(x0) ≤
1
2πn
|detLx0 |· 1X(q)(x0).
Hence, we only need to consider x0 ∈ X(q). Now, assume that x0 ∈ X(q). Let δ˜m > 0
be a sequence as in Proposition 7.6 and let νm be any sequence with limm+∞ νm = 0 and
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lim
m→+∞
δ˜m
νm
= 0. Denote by Hˆqβ,m,>mνm(X) the linear span of Hˆ
q
β,m,λ(X) with λ > mνm. It
is clear that
L2(0,q),m(X) = Hˆ
q
β,m,≤mνm(X)⊕ Hˆ
q
β,m,>mνm
(X),
where Hˆqβ,m,>mνm(X) denotes the L
2 completion of Hˆqβ,m,>mνm(X). Let αm ∈ Ω
0,q
m (X)
be as in Proposition 7.5. We have αm = αm,1 + αm,2, where αm,1 ∈ Hˆqβ,m,≤mνm(X),
αm,2 ∈ Hˆqβ,m,>mνm(X). By property (b) in Proposition 7.6, we have
(αm,2 |αm,2 )X ≤ 1
mνm
( ˆ
(q)
β,mαm,2 |αm,2 )X
≤ 1
mνm
( ˆ
(q)
β,mαm |αm )X ≤
δ˜m
νm
→ 0.
(7.29)
Thus
(7.30) ‖αm,2‖X → 0
and hence
(7.31) ‖αm,1‖X → 1.
Now, we claim that
(7.32) m−(n−1)|αm,2(x0)|2 → 0.
Let (D,x = (z, θ), ϕ) be a BRT trivialization such that x(x0) = 0 and (6.2) hold, where
D = {(z, θ) ∈ Cn−1 × R; |z| < δ,−π < θ < π}, δ > 0.
Let αm,2 = αˆm,2(z)e
imθ, βm,2 = αˆm,2(z)e
mϕ(z). Then
(7.33) lim
m→∞m
−(n−1)|αm,2(0)|2 = lim
m→∞m
−(n−1)|αˆm,2(0)|2 = lim
m→∞m
−(n−1)|βm,2(0)|2.
We write β(m),2(z) = m
−n−1
2 βm,2(
z√
m
). By (6.9) and Sobolev embedding theorem, we
have
m−(n−1)|αm,2(0)|2 = |β(m),2(0)|2
≤ C(‖β(m),2(z)‖22mF ⋆mϕ,0,Dr + n+1∑
j=1
‖((q)(m))jβ(m),2(z)‖22mF ⋆mϕ,0,Dr
)
,
(7.34)
where r > 0 and C > 0 are constants independent of m. Since ‖αm,2‖X → 0, we have
(7.35) ‖β(m),2(z)‖22mF ⋆mϕ,Dr → 0.
Moreover, as in the proof of Theorem 7.2, it is straightforward to check that for every
k ∈ N, we have
(7.36) ‖((q)(m))kβ(m),2(z)‖22mF ⋆mϕ,0,Dr ≤
1
2π
∥∥∥∥( 1m(q)b )kαm,2
∥∥∥∥
X
.
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Fix k ∈ N. From (7.36), property (a) in Proposition 7.6, (4.61) and (7.30), we have
‖((q)(m))kβ(m),2(z)‖22mF ⋆mϕ,0,Dr
≤ 1
2π
∥∥∥∥( 1m(q)b )kαm,2
∥∥∥∥
X
≤ Ck
( 2k−1∑
ℓ=0
∥∥∥∥( 1m ˆ(q)β )ℓαm,2
∥∥∥∥
X
)( ∥∥∥∥( 1mˆ(q)β )αm,2
∥∥∥∥
X
+
1√
m
‖αm,2‖X
)
≤ Ck
( 2k−1∑
ℓ=0
∥∥∥∥( 1m ˆ(q)β )ℓαm
∥∥∥∥
X
)( ∥∥∥∥( 1mˆ(q)β )αm
∥∥∥∥
X
+
1√
m
‖αm,2‖X
)
→ 0 as m→ +∞,
(7.37)
where Ck > 0 is a constant independent of m. From (7.37), (7.35) and (7.34), the claim
(7.32) follows.
From (7.32) and property (a) in Proposition 7.5, we deduce that
(7.38) m−(n−1)|αm,1(x0)|2 → 1
2πn
|detLx0 |.
Since
(7.39) m−(n−1)Πˆ(q)β,m,≤mνm(x0) ≥ m−(n−1)
|αm,1(x0)|2
‖αm,1‖2X
,
and note that ‖αm,1‖X → 1, we conclude that
(7.40) lim inf
m→∞ m
−(n−1)Πˆ(q)β,m,≤mνm(x0) ≥
1
2πn
|detLx0 |.
From (7.40) and (7.28), we get (7.27). 
Let νm be a sequence with limm→+∞ νm = 0 and lim
m→+∞
δ˜m
νm
= 0, where δ˜m is a sequence
as in Theorem 7.7. By integrating Theorem 7.7 and using Lebesgue dominate theorem,
we obtain
(7.41) dim Hˆqβ,m,≤mνm(X) =
mn−1
2πn
∫
X(q)
|detLx|dvX(x) + o(mn−1), as m→∞.
From (7.41) and by applying the algebraic argument in Lemma 3.2.12 in [14] and [15],
we conclude that for every q = 0, 1, 2, . . . , n− 1, we have
(7.42)
q∑
j=0
(−1)q−jdimKer ˆ(j)β,m ≤
mn−1
2πn
q∑
j=0
(−1)q−j
∫
X(j)
|detLx|dvX(x) + o(mn−1).
From (7.42) and Theorem 4.12, we get (1.16). The proof of Theorem 1.4 is complete.
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